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Chapter 1

A brief history of celestial mechanics

One of the most important problems in ancient astronomy was to understand (and predict) the apparent motion of
the so-called wandering stars. In fact, whilst the vast majority of the stars in the sky do not change their relative
positions over a human lifetime, the Sun, the Moon and five other objects (the planets Mercury, Venus, Mars,
Jupiter and Saturn) apparently move among the other stars. Until the 16th century, the most popular theory to
explain these properties was the geocentric model summarized by Claudius Ptolemy (85 - 165) in the Almagest.
This model assumed that all the planets (including the Sun and the Moon) move on epicycles that are small circular
trajectories. The centers of these epicycles in turn move around the Earth on so-called deferents, i.e. circles that
are centred on a point halfway between the Earth and a point called the equant. The center of the epicycle rotates
on the deferent with a uniform motion not with respect to the center, but with respect to the equant.

h‘"‘-\‘peferent

S Eelexcle
: Figure 1.1: Illustration of the basic ingredients of the Ptolemaic
model. The deferent is centred on a point midway between the
‘ © Savst ; Earth and the equant and the planet moves around a circle (the
X Ceater of the deferent .i epicycle) centred on a point of the deferent. The epicycle rotates
OEMm on the deferent with a uniform motion not with respect to the

center, but with respect to the equant.

In 1543, on the very day he died, the Polish astronomer Nicolas Copernicus (1473 - 1543) published his book De
revolutionibus orbium coelestium, where he actually proposed the idea that the model could be simplified if the
planets, including the Earth itself, were to move around the Sun rather than around the Earth. Copernicus was
actually not the first to propose a heliocentric architecture of the Universe', but it was his book that stimulated the
work of his successors. It has to be stressed that Copernicus also had to assume a complex system (although less
complicated than for the geocentric model) of epicycles and deferents.

!Several Greek, Indian and Arab scientists had envisaged heliocentric hypotheses many centuries before Copernicus.
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Motivated by the fact that even Copernicus’ tables failed to correctly predict the dates of some particular planetary
configurations, the Danish astronomer Tycho Brahe (1546 - 1601) started to work on an alternative model. He
concluded that the difficulties to distinguish between the geocentric and heliocentric model was mainly due to the
lack of precise measurements and so he started, assisted by his sister Sophia, to systematically collect extremely
accurate observations with positional errors? of 2 arcsec. In this way, Brahe compiled a huge set of high-quality
data, and he was looking for a skilled mathematician able to explore these data to confirm his own, geoheliocentric
model of the Universe, where the Moon and the Sun orbit the Earth and all other planets orbit the Sun.

This mathematician was the German Johannes Kepler (1571 - 1630). Kepler did his studies at the University of
Tiibingen where he became a student of Michael Mistlin (1550 - 1631) who was a supporter of Copernicus’ ideas.
In 1600, Johannes Kepler moved to Prague to become an assistant of Tycho Brahe. However, the relation between
Kepler and Brahe turned out to be rather difficult and Kepler had to wait until Brahe’s death® in 1601 before he
could eventually use the data gathered by his Danish colleague*. Kepler started to study Brahe’s measurements
of the position of planet Mars. Thanks to the amazing accuracy of these measurements he was able to show that
the planet was moving around the Sun on a slightly elliptical orbit. In 1609, he published his book Astronomia
Nova, where he formulated the first two of his famous laws: (1) the planets move on elliptical orbits with the Sun
at one focus of the ellipse and (2) an imaginary line joining the planet to the Sun sweeps out equal areas in equal
times. In 1619, he published another book (Harmonices mundi) where he presented his third law, relating the
square of the period of the orbital revolution to the cube of the semi-major axis of the orbit. It has to be stressed
that it took several decades before Kepler’s results received the attention they deserved. This was mainly because
the demonstrations were not easily understood. As it was customary at the epoch, his results were reported in
latin without the use of equations and were based on geometrical arguments since the differential and integral
calculation had not yet been invented.

Figure 1.2: From left to right: Nicolas Copernicus, Johannes Kepler, Isaac Newton and Pierre-Simon Laplace.

Roughly at the same time, the Italian scientist Galileo Galilei (1564 - 1642) performed several experiments that
led him to the discovery of the theory of a free falling body (the distance is proportional to the square of the time,
implying that the acceleration is constant) as well as to the principle of inertia. The latter was reformulated (and
actually corrected) by the French mathematician René Descartes (1596 - 1650).

ZPreviouly, typical astronomical observations had positional errors of 10 arcsec or larger.

3The official version is that Brahe died as a result of a strained bladder. Modern forensic investigations revealed highly toxic levels of
mercury in his hair. Some authors therefore speculate that Kepler could have poisoned Brahe to steal his data, although this concentration
of mercury could also result from Brahe’s numerous alchemy experiments.

* Actually Kepler illegally appropriated Brahe’s data and had to subsequently negotiate the permission to use the data with Brahe’s heirs.
This led to a four years delay in the publication of Kepler’s results.



The English genius Isaac Newton (1643 - 1727) combined all these results into a single, coherent, theory. Newton
was a very eccentric personality and had an obsessive interest in alchemy’. Newton made most of his discoveries
and calculations while he was staying at his home in Lincolnshire after he had to leave Trinity College in Cam-
bridge because of the plague. Edmond Halley (1665 - 1742) encouraged Newton to publish his results and this
happened in 1687 with the publication of the Philosophiae Naturalis Principia Mathematica. In this masterpiece,
Newton formulated the three fundamental laws of Newtonian mechanics: (1) an object that is not submitted to
the action of any external force remains either at rest or in a straight line uniform motion; (2) the time changes of
an object’s momentum are proportional to the force that is applied and have the same sense and direction; (3) for
every action there is a reaction of same intensity and direction, but opposite sense.

These fundamental laws apply to all kinds of forces, but Newton in addition specified the behaviour of one of these
forces, the gravity which acts between any pair of massive bodies and decreases with the inverse of the square of
the distance between these bodies®. Newton developed many mathematical tools such as differential and integral
calculations. However, his demonstration of Kepler’s laws being a consequence of his theory was formulated in
classical (geometrical) terms.

The success of Newton’s theory was overwhelming. It was now possible to understand the motion of the planets
around the Sun. The most impressive early confirmation of his theory was the prediction by Edmond Halley that
the great comet of 1682 (nowadays known as Halley’s comet) would return in 1758. However, whilst the comet
actually returned, it did not so exactly at the date predicted by Halley. The delay was due to the gravitational influ-
ence of the planets of the outer Solar System, first of all Jupiter and Saturn, the most massive ones. To account for
this effect, Newton’s theory had to be applied to more than two massive bodies. This so-called three body problem
was first formulated as a set of differential equations in the 1740’s thanks to the work of the Swiss mathematician
Leonhard Euler (1707 - 1783). Euler was one of the most productive mathematicians ever. He invented many
precious tools for calculus, including the concept of trigonometric series, and was the first to introduce analytical
rather than geometrical methods to handle the problems of mechanics. For the first time, it was possible to account
for the mutual gravitational influence of the various planets.

Based on Euler’s work, the Italian mathematician Joseph-Louis Lagrange (1736 - 1813) proposed an efficient way
to compute the coefficients in these trigonometric series. Lagrange further developed a new approach to solve the
equations of mechanics, summarized in his book Mécanique Analytique and introduced the theory of perturbations
of the orbital parameters to treat effects that are not included in the classical formulation of the two-body problem.
In 1764 Lagrange studied the libration of the Moon and in 1772 he discovered the Lagrangian points, a set of
analytical solutions to the restricted three-body problem.

The theory of perturbations led to the introduction of so-called secular variations that are monotonic changes
altering the orbital elements unidirectionally. Such variations were (observationally) found for the Earth-Moon
system as well as for Jupiter and Saturn. Therefore, the question came up whether the Solar System would remain
stable on long time-scales. This question was addressed by Lagrange and his French colleague Pierre Simon
Laplace (1749 - 1827) who showed that the mean motion of the planets is apparently immune to these perturbations
(see however below). In 1785, Laplace described the effects of the resonance between Jupiter’s and Saturn’s orbital
period that leads to a periodic perturbation with a period of about 900 years. What had been interpreted as a genuine
secular variation was in fact a long-term periodic one.

5The British economist John Maynard Keynes (1883 - 1946) even considered him ‘the last of the magicians, rather than the first of the
age of reason’.

SWell before the publication of Newton’s results, Robert Hooke (1635 - 1703) came near to an experimental proof that gravity follows
an inverse square of the distance law. Hooke hypothesised that such a relation could govern the motion of the planets and mentioned these
results in his correspondence with Newton. Hooke later claimed priority for proposing the idea that gravity and hence the planetary motion
are caused by an inverse square central force. This led to a violent dispute between Hooke and Newton.
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In 1783, Laplace proposed the use of spherical harmonics to develop the gravitational potential of the Earth,
thereby setting the stage for the modern theory of satellite orbits. Laplace summarized all his findings in his four-
volume opus Mécanique Céleste that appeared between 1798 and 18057. Meanwhile, William Herschel (1738 -
1822) had discovered Uranus, the seventh planet of the Solar System, in 1781. Around 1820, it was realised that
the motion of this planet could not be explained theoretically with the influence of the known planets of the Solar
System. In fact, by 1830 Uranus had departed by 15 arcsec from the calculated orbit. Therefore, it was speculated
that Uranus was perturbed by another planet and Urbain Le Verrier (1811 - 1877) started to compute what had to be
the properties of the perturbing planet that could explain Uranus’ motion. Le Verrier communicated his predictions
of the position of the new planet to colleagues at the Berlin Observatory and in September 1846 Johann Gottfried
Galle (1812 - 1910) and Heinrich Louis d’Arrest (1822 - 1875) discovered Neptune near the position predicted by
Le Verrier. The context of this discovery triggered a lively debate between the French and Anglo-Saxon world.
Indeed, the British astronomer John Couch Adams (1819 - 1892) had also made predictions about the parameters
of the unknown planet that perturbed the motion of Uranus. However, the accuracy of Adam’s calculations would
probably not have been sufficient to actually discover Neptune. Le Verrier was appointed director of the Paris
Observatory in 1852, where he became extremely unpopular among his subordinates because of his authoritarian
personality. He continued his work on the orbits of planets and discovered the variations of the perihelion of
Mercury. He suggested that this effect was due to another unknown planet that he named Vulcan. This triggered
an intensive search (with false detections) that ended only in 1915, when Albert Einstein (1879 - 1955) explained
this anomaly with the theory of General Relativity.

Sun Mercury
Venus (center) (1st)

(2nd) The

Figure 1.3: Schematic illustration of the (al-
most) current view of our Solar System. (Find
the intruder!)

Pluto

Earth (9th)

(3rd) Jupiter Uranus
Mars (5th) Saturn (7th)  Neptune
(4th) (6th) (8th)

In the nineteenth century, many improvements to the handling of the equations of celestial mechanics were pro-
posed. These were mainly the achievements of scientists like William Rowan Hamilton (1805 - 1865), Charles
Delaunay (1816 - 1872) or George William Hill (1838 - 1914). Henri Poincaré (1854 - 1912) showed that there
exists no uniformly convergent solution for N-body problems, thus rendering the global stability proofs of the
Solar System by Laplace and Lagrange obsolete®.

Whilst General Relativity has nowadays replaced Newtonian mechanics as the main theory of gravity, it has to be
stressed that as far as the motion of the planets in the Solar System and the question of spaceflight are concerned,
relativistic effects are usually very small and celestial mechanics remains the important theory. With the advent of
the current generation of computers, it has become possible to resolve the numerical equations much faster than
what was possible in the past. Still, we should not forget the enormous achievements that past generations of
scientists have accomplished. Our current knowledge is their heritage.

"Laplace was actually the first to use the terminology Celestial Mechanics.
8We note here that recent calculations suggest that Jupiter’s action on Mercury could lead to an increase in the eccentricity of the orbit
of the latter that might eventually lead to a collision with another planet and could potentially trigger a chaotic situation.



Chapter 2

The two-body problem

The so-called two-body problem deals with the motion of two point-like masses m; and mg that form an isolated
system and interact through the sole forces of gravity according to Newton’s law. In this chapter, we recall the
main equations of this problem.

2.1 The equations of the motion

Consider a cartesian frame of reference Oxyz. According to Newton’s law of gravity, the differential equations of
the motion of two point-like masses can be written

5 G -
mq OMl = % M1M2
and
= G -
mo OMQ = —% M1M2

where d = | M M| and G is the gravitational constant (G = 6.674 x 10~%cm? g~! s72). A priori, the resolution
of these two equations requires twelve constants of integration (initial positions and velocities of two points). The
resolution of the problem can however be simplified by noting that the center of mass C follows a straight line.

Indeed, m; OMl + mo OMQ = 0, hence
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where @ and b are respectively the initial (at time ¢ = 0) velocity and the initial position of C. The center of mass
thus follows a straight line motion at constant velocity. The motion of m; and mg can therefore be described in an
inertial frame of reference centred on C.

mi CMl “+ mo CMQ = 6
Defining 1 = C’Ml and 73 = CMQ, we obtain

- Gmd 7
Hn=—--——>=——
! (m1 + m2)2 T

— | =

and 3 -

_Gmp 7

(m1 + m2)2 7“%

Only one of these differential equations needs to be solved, the coordinates of the other point can be obtained
directly from the fact that

miri+more =0

2.1.1 The relative motion

The motion of the mass my is frequently expressed relative to m; in an inertial frame of reference parallel to
Ozxyz:

= G(mi+m -
MMy = _(1d32) My M,

Whether the motion of ms is expressed relative to the center of mass or to the other mass my, the equations can be
expressed as

- 7 .

F=p =V (—“) @.1)

r r
3

where 7 = 15, r = |r3] and p = Gmy > if we express the motion relative to the center of mass,

(m1+m2)
whilst 7 = M My, r = |M;Ms| and p = G (m; + mg) if the motion of myg is expressed relative to m;.

Therefore, whatever choice is adopted, it is sufficient to solve equation 2.1 and to subsequently substitute the
correct expressions of 7 and p. This equation can be seen as describing the motion of a single unit mass under
the action of a force that derives from the potential —;/r. Thus the number of free parameters needed to
characterize this motion is reduced to six: three for the initial position and three for the initial velocity. A seventh
parameter is p, that specifies the force acting on the unit mass. Since this is a central force, we know that the
motion occurs in a constant plane. Indeed, from Eq. 2.1 it is obvious to write that

FAF=0

hence, )
AT =h=Const

Therefore, the velocity and the position are always perpendicular to a constant vector h and the motion thus occurs
in a fixed plane.

The orientation of this plane in three dimensional space is shown in Fig.2.1. The intersection between the plane
of the motion and the inertial zy plane is called the line of the nodes and N is the ascending node. In the plane
of the motion, we then adopt the polar coordinate system. Hence, the velocity of the mass can be expressed as
7ér +r @Z) €,. The conservation of the angular momentum
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Figure 2.1: Definition of the angles €} and ¢ that
specify the orientation of the plane of the motion
with respect to the inertial frame of reference Ozyz

:":_ (see also below). Here N is the ascending node of
i the orbit.
FAT=h
can now be expressed as '
r2 ¢ = h = Const (2.2)

This is actually Kepler’s second law of planetary motion as we will show below. '
Equation 2.1 also allows to describe the evolution of the kinetic energy per unit mass 1" = %(7'“2 + r24h?):

aT moy
—— = ——TT
dt r3
We thus find that the total energy per unit mass £ is preserved:
L .o 2,72 H
- —=—=¢ 2.3
S0t -k 3
Yet another vector quantity can be shown to be constant:
7 AR 5
r —é. =1=Const 2.4)
I

This result is called the Laplace vector integral or the Laplace-Runge-Lenz vector. The vector [lies in the plane
of the orbit (since [ - h = 0). From this relation, we infer that

[ F=——7r (2.5)

This result tells us that r reaches a minimum whenever [ and 7 are aligned. Hence, I points towards the pericenter,
i.e. the point of minimum separation between the mass and the center of the force. If we call ¢ the angle between
[ and 7, equation 2.5 further leads to

- h?
[l|r cos¢p = — —r
o
B2
T R— (2.6)

1+ ] cos



10 CHAPTER 2. THE TWO-BODY PROBLEM

From the Laplace integral we obtain that

R2. - o

—Tr=hA(l+¢€) 2.7)

W
In the right hand side member of the latter relation, the only time-dependent vector is €;. Therefore, we conclude
that the extremity () of the velocity vector i* = F'Q) lies on a circle of radius 4 and centred on the extremity of
% (ﬁ A f) This property will be used below to build the so-called hodograph or velocity diagram of the motion'
which provides a graphical representation of the locus of the point (). For this purpose, we introduce the unit
vectors Uy = L and ) = % Auyg as well as the vectors ‘70 = % v and V= I h;:—? As aresult we can reformulate

1]

equation 2.7: .
F=V -+l Vo (2.8)
_|_

Finally, the Lagrangian can be written as £ = 1 (#? + r? ¥?) ©

If h = 0, then m4y moves along a straight line away or towards the center of force. If A # 0, we can write

dr\?h? K2 24
() v =2

If we now define an ancillary variable u = 1/, the latter equation becomes

du\? 9 2pu 2€&
(&)« -

Let us introduce yet another ancillary variable v = u — % This then leads to

dv\? o p* 2& 2
(@) +7=fa+iw =120

Hence p
av _ 1V H2 — 2
dv
:>7
VH? — 2

The = sign corresponds respectively to the derivative of the arcsin and arccos functions which differ by an additive
constant /2. Thus, we can drop the £ sign and we finally obtain: v = H cos (1) — w) which leads to

= +dy

1
"= #z + H cos (1 — w)

This is equivalent to the equation of a conic in polar coordinates

B C
"= 1+ecos(vp—w)

2.9
2, .. 2 . . .
where e = % is the eccentricity, C' = %, and the center of force F' is one focus of the conic. Comparing

equations 2.6 and 2.9, we immediately find that e = m .
The trajectory of the mass is

'A hodograph is a diagram that provides a vectorial representation of the motion of a body or a fluid. It is the locus of one end of a
variable vector, with the other end fixed.
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Parabola- cutting plane
parallel to side of cone.

Circle and Ellipse Hyperbolas

Figure 2.2: Illustration of the different types of conical sections.

e acircle if e = 0 (hence £ = —QL,;),

2

e anellipse if 0 < e < 1 (hence —475 < &€ < 0)
e aparabolaif e = 1 (hence £ = 0), and
e ahyperbolaif e > 1 (hence £ > 0).

This is the mathematical formulation of Kepler’s first law.

The closest approach of the mass and the center of the force is reached for ¢y = w. This position is called the
pericenter and w is the argument of the pericenter. The angle ¢ = 1) — w is the true anomaly. Hence

_h? 1

T_;l—i-ecosgb

At pericenter passage, r = rp and ¢ = 0 yielding rp = #ie) Therefore, we can finally express the equation of
the trajectory:

- 1+e
T + e cos ¢

Finally, we can also express the fact that 7 = 0 at pericenter passage. Hence,

These relations are valid whatever the nature of the trajectory (hence whatever the value of e).
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2.2 Elliptical orbits

For an ellipse, one has the following relations between the semi-major axis (a) and the semi-minor axis (b) on the
one hand and the distance between the center of the ellipse and its focus on the other hand: > = a?(1 — ¢?) and
|CF| = ae. Therefore rp = a (1 — ¢e) and thus h = /pa (1 — €2?) and

a(l—e?)

=—" 2.10
" 1+ecosog ( )

We still need to establish the relation between the position of the mass on its orbit and the time. To this aim, we
use the equation of conservation of energy (equation 2.3).

1

1o pa(l—€) p_ p
2(r + ) r

therefore )
<7’ Z:) _ K [a?e? — (1 —a)?]

a—r
ae

E—esinE:,/%(t—to) @.11)

This is Kepler’s equation where ¢ is the time of pericenter passage (£ = 0). This is a non-linear relation between
E and the time ¢. F is called the eccentric anomaly. Note that £ = = M where M = ,/ L5 (t — o) is the mean
anomaly.

If we introduce the ancillary variable E such that = cos E, we finally obtain that

Consider an auxiliary circle of radius a, centred on the point C, center of the ellipse. If we raise a straight line
across the current position of the orbiting mass and perpendicular to the major axis, it intersects the auxiliary circle
at the point 7T'. E is the angle between C'T" and the major axis.

/

In fact, from Fig. 2.3 we see that r cos ¢ = a cos E—a e. Moreover (%)24—(%)2 = land (%’)2—1—(@)2 =1

a
Hence b sin E = 3’ = r sin ¢. Finally, combining the expressions of r cos ¢ and r sin ¢, we obtain r = (a —
a e cos E) which is equivalent to the definition of F introduced above.
We can go one step further and express F as a function of ¢. It is quite straightforward to show that

& cosFE —e¢
cosp = ———
1—ecosFE
) V1—e?2sinFE
sing=————
1—ecosFE
‘ 10} 1—i—et E
an — = an —
2 1-— 2

Let P be the orbital period (i.e. the time between two consecutive pericenter passages). Integrating the equation
of conservation of angular momentum over a full period one gets

/r2d¢):hP: pa(l—e?)P
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YD
»\\\er
T : eVD
5 -

Figure 2.3: Left: definition of the eccentric anomaly E as function of ¢. Right: hodograph of the Keplerian motion
in the case of an ellipse (e < 1).

On the other hand, [12d ¢ = 27 ab = 27 a?v/1 — €2 and therefore

2
(if) ad=pu (2.12)

This is Kepler’s third law that links the square of the orbital period to the third power of the orbital separation.
The hodograph of the elliptical motion is shown in the right panel of Fig. 2.3. As pointed out above, the hodograph
is a circle and one notices that the center of force I’ lies inside this circle.

2.3 The case of the parabola

If £ = 0and e = 1 (see above), we immediately obtain

2rp
r = ——
1+ cos¢
aswell as h = /2 urp and
. 2
P2y g
,

This then yields

272 —2ur4+2prp =0

Introducing an ancillary variable s such that 7 = rp (1 + s?), we then obtain 7 = 27p s § and
4rp (1482?22 =2urp s?

. 1
(1+ 52)3 = | —=
27'?:,
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Hence,

P (2.13)

Equation 2.13 plays the same role as Kepler’s equation (eq. 2.11) for the motion on a parabolic orbit.

} Figure 2.4: Hodograph of the Keplerian motion in
vV [ 0 the case of a parabola (e = 1).
-
.
- eV
Q | Vo
'\.Nx uID
F

The corresponding hodograph is shown in Fig. 2.4 and one notices that the center of force F' lies on the circle. We
note that for ¢ — m, » — o0 and the velocity tends to zero.

2.4 The case of the hyperbola

For a hyperbola, £ > 0 and e > 1. We now have that rp = a (¢ — 1) leading to

a(e? —1)
r= -
1+ecoso

aswellas h = \/pa (e? — 1) and £ = £%. The energy equation then becomes

. 2
g 20
T a

This then yields

2.2 2

22 =C (r? 4+ 2ra+d?®) — paé?
a

r4a
ae

esinh F — F =[5 (t — 1) (2.14)
a

Again, equation 2.14 plays the same role as Kepler’s equation (eq. 2.11) for the motion on a hyperbolic orbit. Note
that F' = = M, where M = 27” (t — tp) is the mean anomaly as in the case of the elliptical motion.

Introducing an ancillary variable F' such that cosh F' = , we then obtain
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Figure 2.5: Hodograph of the Keplerian motion in
the case of a hyperbola (e > 1).

For an hyperbola, only values of ¢ in the range ] arccos (—1/e), 27 — arccos (—1/e)[ are acceptable. When ¢
approaches these asymptotic values, 7 — co. The hodograph is illustrated in Fig. 2.5. One notices that the center of
force F’ lies outside of the circle and that only an arc of the circle between arccos (—1/¢e) and 2 w — arccos (—1/e)
is actually covered. Note that the velocity does not tend to zero when 7 tends to infinity.

2.5 The elements of the orbit

As we have shown above, any Keplerian motion can be described by 6 + 1 parameters. These parameters are
(ﬁ, Z to, iv). This are actually 8 parameters (two vectors and two scalars), but the two vectors are not independent
since they must satisfy the relation h-l=0. Usually, these parameters are replaced by a combination of equivalent
numbers that we call the elements of the orbit. In the following, we will mainly consider the case of an elliptical
motion. In this case, the elements of the orbit are (2,4, w, a, e, tg, u). The line of nodes NN’ is defined by the
intersection between the orbital plane and the plane xy. The ascending node [V is the node where the moving mass
crosses the xy plane from a negative towards a positive latitude. {2 is the longitude of the ascending node measured
from the x direction which is a fixed direction in space (e.g. the direction of the vernal point at equinox J2000).
i is the inclination of the orbit with respect to the plane of reference xy. If i < 7/2, the orbit is prograde (the
longitude increases with time), whereas it is retrograde if i > 7 /2. w is the argument of the pericenter (also called
the longitude of the pericenter). a = and e = m are respectively the semi-major axis and the eccentricity
of the orbit.

The latitude 6y and the longitude \y of the pericenter are given by sinfy = sini sinw and tan (\g — Q) =
cost tanw.

When the inclination is either very close to 0 or 7, the line of nodes is only poorly defined. In that case one rather
uses w = {) + w instead of €2 and w. Note that w is the sum of two angles that are not coplanar if 4 is not strictly
equal to zero. If e is very small or null, % is no longer defined and hence w or w are also no longer defined. If both
the inclination and the eccentricity are close to zero, it is preferable to use the quantities 4 = e cos w, v = e sin w,
q = cos (2 sin (7/2) and p = sin Q) sin (i/2).

h2
p(l—e?)

Using the spherical law of cosines, one can relate the x, y and z coordinates of the moving mass to the elements
of the orbit:

x = r]cosQ cos(w+ ¢) —sin§ sin (w + ¢) cosi] (2.15)
= r[sin€ cos (w + ¢) + cosQ sin (w + ¢) cosi] (2.16)
z = rl[sini sin (w + ¢)] (2.17)
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Figure 2.6: Definition of the angular elements of the

orbit.
. x
The velocities are obtained by deriving the above relations:

h

& = 7[cosQ cos(w+ ¢) —sinQ sin (w + ¢) cosi| — — [cos Q sin (w + ¢) + sin Q cos (w + ¢) cosi]
T
h

y = 7[sinQ cos(w+ @) + cosQ sin (w + ¢) cosi] — — [sin {2 sin (w + ¢) — cos 2 cos (w + ¢) cos i
T

Z = 7r[sini sin(w+ ¢)] + % [sini cos (w + ¢)]

From these relations it becomes clear that if we can determine 7 = (x,, z) and ¥ = (&, 7, #) at one point in time,
we are able to evaluate all the orbital elements. Indeed

h=7A7=h(sini sin{), —sini cos, cosi)

Hence 7 and €2 can be determined along with h. The total energy is evaluated from £ = \F]2 /2 — p/r which yields
the nature of the orbit (ellipse, parabola or hyperbola). Let us assume that the orbit is an ellipse. The value of
& = —p/(2a) then yields a. Combining this result with i = /g a (1 — €2) we then obtain e. The definition of
the eccentric anomaly allows to write
ecosE=1-r/a

and .

T

Via

which provide the value of E. Finally, Kepler’s equation is used to obtain M and hence the time of pericenter
passage tg.

esinFE =

The orbital parameters of a number of planets of the Solar System are given in the Table below. The plane of
the orbital motion of the Earth around the Sun is called the ecliptic. The Astronomical Unit (AU) is defined
as the semi-major axis of the Earth’s orbit around the Sun (149 598 000 km). In the table, we list the longitude
Lo = w + n (t; — to) where t, was arbitrarily taken to be J2000 (i.e. 1st January 2000 at 12:00 UT) and n is the
angular velocity (expressed here in arcsec per day). The mean longitude (L = w + M) for any given date is then
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Table 2.1: Main characteristics of the heliocentric orbits of the planets (and the dwarf planet Pluto) of the Solar
System.

Planet a e 1 Q w Lo n
(AU) () ) () () (acsecday ™)
Mercury 0.3871 0.2056 7.00 48.33 7746 252.25 14732.42
Venus 0.7233 0.0068 339 76.68 131.56 181.98 5767.67
Earth 1.0000 0.0167 - - 102.94 100.47 3548.19
Mars 1.5237 0.0934 1.85 49.56 336.06 355.43 1886.52
Jupiter 5.2028 0.0485 1.30 10046 14.33  34.35 299.128
Saturn 9.5388 0.0555 249 113.66 93.06 50.08 120.455
Uranus  19.182 0.0463 0.77 74.01 173.00 314.05 42.231
Neptune 30.058 0.0090 1.77 131.78 48.12 304.39 21.534
Pluto 39.44 0.2485 17.33 110.7 224.6  237.7 14.3

obtained from L = Lo + n (¢t — t{,). For instance, we find that the Earth reaches its perihelion (i.e. L = w) on 4
January.

2.6 Appendix: the main laws of spherical trigonometry

Consider a spherical triangle on a unit sphere of center O (see left panel of Fig. 2.7).

Figure 2.7: Left: the spherical triangle ABC' on top of the unit sphere centred on O. Right: the points B" and C’
are the projections of B and C' onto the straight line O A.

The angles A, B, C and a, b, ¢ are related to each other through

cosa = cosb cosc+sinb sine cos A (2.18)
cosb = cosccosa+ sinc sina cos B (2.19)

cosc = cosa cosb+sina sinb cos C (2.20)
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and ) ) )
sina sin b sinc

— = 2.21
sinA sinB sinC ( )

These are the spherical laws of cosines and sines respectively.

These relations can be established easily by computing the values of OB - OC and OA - (O_B A O_C') in two
different ways.
Let us start by noting that for a unit sphere ((OA| = |OB| = |0OC| = 1)

OB -0C = cosa

We then introduce the points B’ and C’ which are the projections of B and C onto the straight line OA (see
Fig.2.7). By construction, and since we are dealing with a unit sphere, we have that

|OB'| = cosc
|BB'| = sinc
|OC’| = cosb
|CC'| = sinb

With these definitions, we can write
cosa = (OB'+ B'B)-(0C"+C'C)
= OB'-0C'+0B'-C'C+B'B-0C'+B'B-C'C
OB'-0C"+ B'B-C'C + B'B-0C' + OB’ - C'C
The last two scalar products are both equal to zero because OC’ | OA and B'B 1 OA and OB’ | OA and
C’C L OA. Since B'B and C'C are both perpendicular to OA, the angle between B'Band C'C is equal to A.
Hence
B'B-C'C =|B'B||C'C| cos A = sinc sinb cos A
and we finally obtain that
cosa = cosb cosc+ sinb sinc cos A

Let us now turn our attention to the sine rule. We start by expressing
OA-(OBAOC) = OA-[(OB'+B'B) A (OC" +CTC)|
= OA-[OB'AOC' + OB ACTC + B'BAOC' + BB ACTC))|
= OA-(B'BAC'C)

where the last relation stems from the facts that OB’ AOC" = 0, OA-(OB'AC'C) = 0, and OA-(B'BAOC") = 0
because OB’ || OC" || OA. Now since B'B L OA and C'C' L OA, we have that

B'BAC'C = |B'B||C'C| sin AOA
Thus, we obtain that

OA-(OBANOC) = sincsinbsin A
= OB-(OCANOA) = sinasinc sin B

=0C-(OAANOB) = sina sinb sinC

where we have used the property that the scalar triple product is invariant under a circular shift of its operands.

From these relations, we then infer that
sina sinb __sinc

sinA sinB sinC
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2.7 Appendix: the Roche limit and planetary rings

Consider a celestial body of mass m held together only by its own gravity and orbiting another, more massive
(M > m), body. The Roche limit, named after the French astronomer Edouard Roche (1820 — 1883), is the
theoretical distance within which the smaller of the two bodies will disintegrate under the effect of the tidal forces
of the more massive body that exceed the internal gravitational forces of the smaller body.

In practice, real satellites, either natural or artificial, frequently orbit inside the Roche limit of their host planet
because they are held together by other forces in addition to gravity. This is the case for instance of the moons
Phobos around Mars, Pan around Saturn, Cordelia around Uranus, Naiade and Thalassa around Neptune.

It is thought that the Roche limit also explains the existence of rings around some planets. These rings form either
when a moon or another body moves in too close to the planet and gets disrupted by the action of the tidal forces,
or because the tidal forces prevent debris of the protoplanetary disk from coalescing to form a larger body. With
the remarkable exception of the E rings of Saturn, most rings around giant planets in the Solar System are indeed
located inside the Roche limit. A situation where a small body was disrupted by the tidal attraction of a giant planet
occured in July 1992 when comet Shoemaker-Levy 9 was fragmented into smaller pieces while passing within the
Roche limit of planet Jupiter.

Figure 2.8: The rings of the giant planets in the Solar System, with the exception of the E rings of Saturn, lie within
the Roche limits of their host planets.

The mathematical expression of the Roche limit depends upon the properties (mostly the rigidity) of the satellite.
A strictly rigid satellite will maintain its shape until the tidal forces break it apart. A highly fluid satellite on the
other hand gradually elongates into an ellipsoidal shape which then amplifies the importance of the tidal forces.
Thus a fluid satellite will break up more easily and the radius of the Roche limit will then be larger in the fluid
case. Generally speaking, the reader can find a number of different mathematical formulations of the Roche limit
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in the literature (e.g. Holsapple & Michel 2006). Sometimes the reasoning that leads to these expressions is not
straightforward. This is why we restrict ourself to a rather simple case here, respecting the general laws of classical
mechanics.

2.7.1 Rigid satellites

In this approximation, the smaller body is assumed to hold together by its own self-gravity and to maintain its
(spherical) shape.

We model this situation by considering a small mass dm at the surface of the satellite of mass m facing the main
body (i.e. we assume a synchronous rotation and revolution). The satellite orbits the main body of mass M and
radius R at a distance d (see Fig.2.9). Let & be the position vector of the small mass J m with respect to the center
of the mass M. We can write immediately that & = (d — r) €;.. In the rotating frame of reference, we can express
the acceleration of the small mass as

2z - 0%
_ — F 2"/\_
r—(2d 5

—

LA (GAT))

where Z, 23 A g—f and —J A (WA X) are respectively the absolute acceleration (in an inertial frame of reference), the

Coriolis and centrifugal accelerations with w? = %ﬂ\i. As long as the small mass remains attached to the satellite,

both the relative acceleration and the relative velocity are zero.

d d

Figure 2.9: Left: illustration of the geometry assumed for a rigid satellite. Right: same for the satellite consisting
of two equal spheres.

Newton’s equation of the small mass can then be written:

o GM$ GM Gmod -
dmi= T E = T G+ T G+ N (2.22)
x r
Here N = —N ¢ is the contact force between the small mass and the satellite. The latter can be expressed using
equation 2.22:
N M M m
= =) — 4
Gom ~— @YU TGt
M r M r m
= PPt
SMr m

ot (2.23)
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Hence the contact force becomes zero, i.e. the small mass detaches from the satellite, when

d (3M\'Y3
T ( m )
Therefore, the Roche limit in this case is given by

1/3 1/3
gL, = <?’p”1‘4> R=144 ('OpM) R (2.24)

where pps and p,, are the densities of the main mass and the satellite respectively.

2.7.2 The fluid case

We consider a satellite that has already undergone some deformation due to the tidal forces. For this purpose, we
model the satellite as consisting of two equal spheres of radius r and mass m each. The reasoning is essentially the
same as above. We again assume that the satellite is in synchronous rotation and is oriented as shown in Fig.2.9.
The distance between the center of mass of M and of the satellite is d. & is the position vector of the center of the
sphere that is closest to the main mass with respect to the main mass: ¥ = (d — ) €;..

For the sphere closest to the main body, Newton’s equation becomes:

- GMm _ GMm , Gmm -
mw:—Tx:— 2 €r 1,2 €& + N (2.25)
Here N = —N ¢, is the contact force between the two spheres. With the same reasoning as above, but this time
using equation 2.25, we obtain:
N M M m
= Zd=-p) -
Gm d3 (d=r) (d—r)2  4r2
M r M r m
~ —(1-=)—-=14+2-)+-—
d? ( d) d? (1+ d) + 472
3Mr m
_ il 2.26
a3 + 472 (2.26)
Therefore, the Roche limit in this case is given by
12 1/3 1/3
dry, = (”M> R =229 <”M) R 2.27)
m Pm

where pjs and p,, are again the densities of the main body and of the satellite respectively.
A more complex mathematical treatment leads to a slightly different value of the numerical constant for the fluid
case: 2.423 instead of 2.29. This is the value of the Roche limit that is usually quoted for a fluid satellite.

2.8 Exercises

2.1 A comet is observed at a distance r from the Sun and traveling at a speed v. Demonstrate that the orbit

is elliptical, parabolic or hyperbolic depending on whether U;JQ; is less than, equal to, or greater than 2,

respectively. Here vg and ag stand for the mean orbital velocity of the Earth and its mean distance from the
Sun, respectively. (Adapted from Fitzpatrick 2012).
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Consider a comet on a hyperbolic orbit around the Sun. The impact parameter A is defined as the minimum
distance between the Sun and the comet if there were no gravitational interaction between them. Show that

A = - where h and ¢ are the angular momentum and the energy (both per unit mass) of the comet.

V2e

Demonstrate that the relation between A and the actual perihelion distance 7, can be written ), = —2A__
a+va?+4

where o« = GM¢ /(e A) with Mg, the mass of the Sun. Show that the condition to avoid a collision with the

Sunis @ < A\/Rs — R /A (if A > Rg) with R, the radius of the Sun.

Suggestion: make use of the relations of section 2.4 and the fact that the mathematical equation of an hyper-

bola is i—; - %—j = 1 with b* = a? (¢ — 1) and the Sun being located at position (a e, 0).

In the two-body problem, the motion on a parabolic trajectory follows equation 2.13:
3 [

S
S ) =M
513 2r§g( 0)

where rp is the distance at pericenter, and # is the time of pericenter passage. Demonstrate that the above
equation admits the analytic solution: s = % q'/3 —2¢ /3 with g = 12 M + 4 /4 + 9 M2. (Adapted from
Fitzpatrick 2012).

A comet moves on a parabolic orbit inside the plane of the ecliptic. Assuming that the Earth’s orbit is circular
with radius ag, show that the intersections between the comet’s trajectory and the Earth’s orbit occur for

cosp = —1+ % where 7y, is the perihelion distance of the comet and ¢ = 0 at perihelion. Demonstrate
that the time interval (in years) during which the comet remains within less than one astronomical unit from

the Sun is given by
V2 21y,

s T W

'

Show that this duration is maximum for r, = 6%5 and establish the value of this maximum duration. (Adapted
from Fitzpatrick 2012).

Consider an object moving on an elliptical orbit about the Sun. At time ¢;, the object is located in point P;
which has a distance r; from the Sun. Similarly, at time ¢, it is located in point P» at a distance 72 from
the Sun. Let s be the length of the vector Pl_PQ. Demonstrate Lambert’s theorem, i.e. show that the time
required to move from P; to P is equal to

P,
ty—t; = —22 [(a — sina) — (8 — sin B)]
27
with
e 1 <r1+7‘2+s)1/2
sin— =—- | ————
2 2 a
. B 1 (m + 73 —s>1/2
sin— =—- (| ————
2 2 a
where P}, and a stand for the orbital period and semi-major axis, respectively.
Suggestion: use Kepler’s equation (equation 2.11) and define o — 3 = E5 — F1 and cos O‘TJ’B = e cos %

where F is the eccentric anomaly and e is the eccentricity of the orbit.



Chapter 3

The two-body problem in Lagrangian and
Hamiltonian mechanics

3.1 Lagrangian and Hamiltonian mechanics

Lagrangian and Hamiltonian mechanics are re-formulation of the equations of classical mechanics that are some-
times advantageous for a deeper understanding of some complex problems. Here we recall some of the fundamen-
tal concepts and results of both formalisms'.

Consider a system of masses m; whose positions and velocities can be described by a set of generalized coordi-
nates ¢; and ¢; (where j = 1,...,n) respectively. Let us assume that the forces that act on each mass m; derive
from a scalar potential U. We define the Lagrangian of this system as £ = T" — U where T and U are respectively
the kinetic and potential energies. The principle of virtual work then leads to Lagrange’s equations:

d (0L oL
pn (aq> “ag, " G-

which are second-order differential constraints on an n-dimensional coordinate space.

In the Hamiltonian formalism, we re-formulate the problem in terms of first-order differential equations on a 2n
dimensional phase space. For this purpose, we introduce the generalized momenta

oL
- 3.2
Pi= 5 (32)
with (7 = 1, ...,n), such that
d oL
gpj = 87q] (3.3)

gjand p; (j = 1,...,n) are conjugated variables that provide a set of 2 n independent variables allowing to describe
the system. The Hamiltonian of the system is then defined as

H=> pjg—L
j=1

"For a full demonstration and extensive discussion of these results we refer to the lectures on Analytical Mechanics by P. Dauby.

23
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From this definition, one derives the canonical equations of Hamilton:

oH

— = q; 3.4
apj q; (3.4)
o0H .

OH oL

o0 T ot (3:0)

Since T is a quadratic form of ¢g; and if the potential U does not depend on ¢;, we find that H =T+ U.
If the Hamiltonian does not depend explicitly on certain variables, the integration of the canonical equations rela-
tive to their conjugated variables is straightforward.

There exist a number of rules allowing us to change the set of variables used to describe the system whilst preserv-
ing the canonical form of the equations. Consider the transformations:

q; = fj(xla coes Ty Y1y oovy Yny t)

pj = gi(wla s Ty Y1y ooy Ynyy t)

The new set of variables x; and y; are said to be canonical if %—Zf = 2j and %Tw = —yj;. This can be shown to be
J J
the case provided that
[z, k] = =y, 24] = 9
[, 2] = [y, 96l =0
and provided that there exists a function F™*(x;, y;,t) such that [t, o] = — 861:; ~ Vo

Here, the Lagrange bracket is defined as

N MM_M@%)
[u’v]_izl(f)u ov ov Ou

The new Hamiltonian can then be written as H'(x;, y;,t) = H + F™*.
For a transformation to be canonical, the function F'* must be such that one can define a generating function
G(gj,yj,t) such that

(pj dgj + z;dy;) + F*dt = dG
1

n

J
which is equivalent to

> _(pjdaj +x;jdy;) + (W' — H) dt = dG
j=1

For some applications it is advantageous to perform a transformation such that the new Hamiltonian H’ = 0. The
Hamilton-Jacobi method then consists in the resolution of the equations

0G oG

H(gj, —, ) + — = 0 3.7
(q] aq]' ) + 87& ( )
oG
= . 3.8
aqj by (3.8)
oG
= . 39
oy T (3.9)
where z; = «; and y; = (3; are constants. In fact, —%Z =12 = 0and %Z, = —y;j = 0 because H' = 0. Thus the

choice H' = 0 simultaneously implies that the canonical variables are constant (i.e. not variable with time).
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3.2 Application to the two body problem

Let us consider the instantaneous plane of the orbit I, defined as the plane that contains the points O (the origin of
the axes) and P (the instantaneous position of the moving mass) and the instantaneous velocity vector. 11 intersects
the xy plane along the X axis. The axis perpendicular to the II plane is called Z’ and we have that cosy = e7/ - €5,
cos = eXs - €, (see Fig.3.1). In the II plane, the position of P is specified by the polar coordinates (r, ).

i
Z
7>
y?
Figure 3.1: Definition of the angles 6, v and v that
= specify the position of the point P with respect to the
i A inertial frame of reference Oxyz.
e 7 -
Y f;\"i"
Bl
; »
x v X

Hence, the absolute position of P is specified by (r, 6, v, ¢) where r = [OP|. The velocity is F=ré+r(Qne)
where € is the angular velocity vector of the axes (é;, €y, ez/) with respect to the inertial frame of reference
(€2, €y, €2):
O=6¢e +yex: + ey =ex + 0 sinyeys + (9 CoS Y +1,Z)) ey
This then leads to
F=7é 4r(0 cosy—+ 1) ey + 7 (§ sine — 6 sin~y cosv) ez

The kinetic energy is then equal to

T = [79 +72(0 cosy + )% + 2 (4 sinyp — 0 sin~y COS¢)2}

N

The fact that the plane II by definition contains the instantaneous velocity vector leads to the constraint  sin vy —
0 sin~y costp = 0 between the angular velocities 4 and 6. The last term in the expression of the kinetic energy is
thus zero because of the constraint.

The Lagrangian is given by £ = T' + L. This then leads to the following equations:

§(2£y_ 0L _
dt \ or ar
(o5) ot
dt \ oy toX)
108y oL
dt \ 90 00
d(f’w)_@ﬁ _ 0
dt o 0~
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‘We can now introduce the canonical variables:

oL
Eankia
oL 9,
— =r"(Y+0cosy)=V
o9 (¥ 7)
%:T2(GCOS27+QZ}COSV):@
00
oL
_— = :F
0%y 0
The Hamiltonian then becomes
H ERQ ‘Iﬁ _H
=5 5 .
and the corresponding canonical equations are
dr OH
@ ~ or "
dR _ _0H_¥ _p
dt or  r3 2
dy _ OH_ ¥
d 0V r?
v _ _9H _,
a oY
a0 _ oM
a 00
e _ 0" _,
a 00
dy _ oM
a —  or
ar _ 9" _,
dt oy

Given the definition of the II plane, we know that I' = 0. From the canonical equations, we further infer CﬁTZ =0.
Hence v = i = Const. The constraint that stems from the definition of II and the canonical equations then lead to
0 = 0, and thus 8 = Q) = C'onst. Hence, © = ¥ cos~y. On the other hand, the fact that the Hamiltonian does not
depend upon v, 6 nor  leads successively to U = 72 Y = Const = h (conservation of the angular momentum),
O = Const = h' and T = 0 (already known).

The two variables vy (given by cosy = ©/W¥) and I' = 0 are not needed to describe the status of the system and
can thus be eliminated.

The canonical variables are therefore (r,1,0, R, ¥, 0), where three of these variables are constant: 6 = €,
U =r2¢ =hand © = k' = h cosi.

The Hamiltonian

I

r

H=< |R®+—

1 p2
2 r2

does not explicitly depend on ¢ and is thus constant as a function of time H = ¢ = Const(t).
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3.2.1 The Delaunay canonical elements

Using the Hamilton-Jacobi equations, we seek now a new set of canonical variables (q1, g2, g3, p1, p2, p3) such that
all parameters are constant, except for one that we choose to be the time q; = ¢. This condition is achieved if the
new Hamiltonian H' = p; = ¢. Indeed, in that case §; = %;i/ =1.

The generating function G(r, v, 0, p1, p2, p3) thus has to obey to the following equation:

dG = Rdr + ¥ dy + ©d0 + q1 dp1 + g2 dp2 + g3 dps

! <8G)2+ 1 <6G>2
pr=71=9 or r2 \ Oy
Since v, § and © do not appear in the expression of H, their conjugated variables ¥, © and # are constant. We

can thus choose G in such a way to preserve these properties: g3 = 2¢ = 0 = Q, py = % = U = h and

Ops3
p3 = % = O = h/. An easy way to fulfil these conditions is to adopt

with
1

r

G=hy+hQ+G'(r,—,— e,h,—)

where G'(r, —, —, €, h, —) must satisfy the equation

1 /0G\* K2 o
) ( ar) Tt =0
The new variables are thus (g1, g2, Q, &, h, h').
We find that
oG’ / h?  2pu
=+1/2e — — + —
or £ + r
which yields:
r 2 h2
G'(r,—, — e h,—) =+ 20+ 1 s (3.10)
ro S S
Since we know that q; = g—g = 88? =t — tg, we obtain
oG T d 0 2 h?
—:i/ i A
Oe o J2e N 2?;1 _ %; Oe 0 rH
to corresponds to the time when r = 7 provided that , /2 ¢ + Zr—(’f — :f—; = 0 which implies that
0
/[

ro =

1+ /1+2en%/12

Moreover, since 7 = R = BTC:I =1/2e+ 27“ - %’ we find that 7 = 0 for 7 = 7. This implies that £y corresponds

to an extremum of 7 and in the following we shall adopt

[

1++/1+2eh?/u?

@3.11)

ro =
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i.e. g is the pericenter of the orbit and ¢ is hence the time of pericenter passage.

On the other hand, %TZ/ = ‘987;/ = ¢o = 0, which implies that g0 = w = C'st. As a result, we can write, using
eq.3.10:

0G loyes r hds org | 2 h?
= — = _ = 2 D —
© Op2 v Oh vF ro §2 /25+27u_h7§$8h €+7"0 3 “

Since , /2¢ + i—(’f - ﬁ—; = 0, the term that multiplies % vanishes and we thus obtain that ) = w at t = ¢¢ and
0

T hds

2
ro s2,/2¢+ 24 — 1y

which (by means of an ancillary variable u = 1/r) yields

2
r= W/ (3.12)

1+4/1+ 2Z£L2 cos (P —w)

We recover here the result that the trajectory is a conic of eccentricity e = /1 + 2 & h?/u? as found in the previous
chapter. The canonical elements of the orbit are therefore (¢ — tg,w,Q, e, h, h'). The last five quantities are all
constant.

PY—w==

What remains to be done is to establish the link between ¢t — ¢y and r. For this purpose, we consider the case of the
elliptical motion, which implies € = —= and h = \/pa (1 — €2) (since 79 = a (1 — €)). Therefore,

y t_\/ﬁ T sds
n= TN Ve2a? — (s —a)?

, we recover Kepler’s equation:

a—r
ae

Defining cos £ =

M= L (t—t)=E-ecsinE (3.13)
a

Finally, we can substitute ¢ — o by the mean anomaly M, provided that the conjugated variable ¢ is replaced by
L = /iwa. We thus obtain the Delaunay canonical elements:

(l,9,6,L,G,0) = (M,w,Q,/1a, \/,ua(l —e?), \/,ua(l —e?) cosi) (3.14)

3.2.2 The Poincaré canonical elements

The main problem of the Delaunay canonical elements concerns situations where either the eccentricity or the
orbital inclination or both are small. In these cases, it is more advantageous to use the set of canonical variables
introduced by Poincaré. These are

A L

£ 2(L—G) cos(g+6)

p | 2(G —©) cosb

2| Il+g+0 (3.15)
n —/2(L—G) sin(g+0)

q —V2(G —©)sinb



Chapter 4

Expanding the elliptical motion in series of e

The goal of this chapter is to establish some useful expressions of important quantities of the elliptical solution of
the two-body problem in series of increasing powers of e. These formulae will be extremely useful when studying
the impact of various perturbations on the motion.

First of all, we start by noting that the important quantities 2’ = r cos¢ = a(cosE — e), ¢y = rsing =
2
aV1l—e2sinE, r = 1a+(i;§s)¢ =a(l —ecosE), M = E —esinE as well as sinp E and cosp E are all

periodic functions of ¢, F¥ and M. Hence these quantities can all be expressed by Fourier series.

4.1 Expanding the elliptical motion in Fourier series

Any periodic function f(u) of period 2 7 can be expressed by a Fourier series:

+00
F(u) = 22+ 57 (ag cos (k) + by, sin (k)

2 4

where

1 ™

ak:—/ f(u) cos (ku)du k=0,1,2,..
T™J—m
1 /7 )
bk:—/ f(u) sin (ku) du k=12, ...

T™J—m

If f(u)is

e an even function of u, then b, =0 Vk=1,2,..;

e an odd function of u, thenar, =0 Vk =0,1,2,...

For instance, the quantity & = g—ﬁ = m is an even function of £/, M and ¢. Hence
1 27 100 2 [T
- —/ adM'—!—Z(/ acos(k:M')dM')cos(k‘M)
T 27 Jo 7 o \mJo T

= 1+§ (i/oﬂcos[k(E—esinE)]dE> cos (kM)

29
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By virtue of eq. 4.34, the coefficients of the Fourier development are equal to Ji(k e), the Bessel function of the
first kind.

+00
L1+ 2J4(ke) cos (kM) @.1)
r
k=1
From dE = ¢ dM, it follows immediately that
+o0 2
E=M+ Z Jy(k€) sin (k M) 4.2)
el
and Kepler’s equation then yields
E-M X2
sin £ = = Z—Jk ke) sin (kM) 4.3)
e i ke

We can generalize the latter result for cos (p E) and sin (p E') where p is a non-zero integer number. For this
purpose, we start by noting that! exp (j p E) = cos (p E) + j sin (p E) and

_exp (G E) + exp (—j )

dM = (1—ecosE)dE = (1 — 5 )dE
where j2 = —1. Hence, the complex function exp (j p E) can be expressed as a Fourier series like
+oo
exp(jpE) = Z ci exp (7 kM)
k=—00

where the coefficients are complex numbers given by

1 ™
Ck:T/ exp (jp E) exp (=5 k M')dM’ k=0,1,2,..
™ J—m

o = 5= [ expUpE) expl-ih(E —esinE) (- (exp (i B) + exp(—j E)) dE
_ ;ﬂ/:rexp(j[k:esinE—(k—p)E])dE—4(;/_zexp(j[(p‘Fl—k)E‘f‘keSinEDdE
- /:rexp( (p—1— k) E+ ke sin E]) dE

= Jioplke) = 5 (Jipoi(ke) + Jipra(ke))

This then yields co = J_(0) —§(J-p—1(0)+J1-,(0)), which implies that for integer values of p, co = dp0—5 0p1.
On the other hand, for k& # 0, one finds using eq. 4.32 that

k—p

C — Jk,pr e) Jk p<k e) ka,p(k? 6)

Hence,

exp (jpE) = 6po — 1+Z( Ji—p(ke) exp(j kM) — J_k_p(—k:e) exp(—jk‘M))

k

'"To avoid confusion, we use the notation ¢ for the inclination angle, whilst j as part of the argument of an exponential function stands
for the imaginary unit (2 = —1).
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which finally leads to
cos(pE) = Op1 + Z (Jr—p(ke) — Jiip(ke)) cos (kM) 4.4)
+o00 p
sin(pE) = Y 2 (Jip(ke) + Tipp(ke)) sin (kM) (4.5)
k=1

In particular, using eqs. 4.33 and 4.32, we derive the following results from the above relations:

+oo
1
- cosqﬁ =cosE —e= —% + E(Jk,l(ke) — Jit1(ke)) cos (kM)
k=1
Ccosqb——%Jrio Ji(ke) cos (kM) (4.6)
a 2 =k b '

fsm¢ V1—e2sinFE = \/1—622 (Jp—1(ke) + Jxy1(ke)) sin (kM)
a

asmgb \/l—eQZ—Jk (ke) sin (kM) 4.7)
and eventually,
e? =1
a_1—ecosE_1+5—2eZ Jr.(ke) cos (kM) (4.8)

The latter result shows that the average value of r/a over a full orbital cycle is equal to 1 + 2 /2 rather than being
1. Therefore a should not be interpreted as the average value of r for an eccentric orbit.

In some applications, it is important to evaluate the constant term ag of the Fourier expansion. For instance, if we
consider (2)* cos (p ¢), we find that in this case

ap = 71T/027r (j)g cos (p¢) dM

Since 7 = Eand%: SV e obtain
1 /27 a
ag = — — oS d
o=+ | = costpa)ds
hence
1 [2™1+ecosg 1
GOZ;/O mcos(p@d(ﬁ:m(?%O%-e(spl)

These constant terms play an important role in the perturbation theory that we will introduce in the forthcoming
chapters.
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4.2 The d’Alembert characteristics

The Fourier series established in the previous section are absolutely convergent. In addition, the majority of the
orbits of major bodies in the Solar System as well as the orbits of the majority of the artificial satellites have rather
modest eccentricities. As a result, we can consider that e is often small and one can wonder whether it is possible
to express the relations found in the previous section as convergent series of e by expanding the Bessel functions
appearing in these relations into series of e.

For this purpose, we first stress that the value of Jy(z) is of the order of ¥l as becomes clear from eq.4.29. In the
expressions of cos (p F) and sin (p F) inferred in the previous section, we found that the terms in cos (k M) and
sin (k M) are multiplied by Bessel functions of index k + p. Hence, these terms are of order min (|k — p|, |k + p|)
in e and the dominant term in all these series is always the one corresponding to Jy, which means the one for which
k = p; the neighbouring terms k = p + 1, p & 2,... being of order 1, 2, ...

A Fourier series is said to possess the d’ Alembert characteristics of degree p, if the dominant term of this series
corresponds to the pth harmonics. This is the case of the Fourier developments of cos (p E') and sin (p F) presented
above. Such a series can then be written as

+o00
Sple, M) = Z eP=Fl 51 (e) exp (j k M)

k=—o00

where sy (e) is a coefficient of order 0 in e.

In the forthcoming section, we will thus expand the Bessel functions into Taylor series of e. Inserting these results
into the Fourier series and making use of the d’ Alembert characteristics, we then obtain a new formulation in terms
of a series of increasing powers of e. Generally speaking, the new expansions obtained in this way are asymptotic
series that are absolutely converging only for values of e below a threshold of about 0.66.

4.3 Development into asymptotic series of e

As stressed above, if e is small, we can develop the Bessel functions into series of e and insert these developments
into the Fourier expansions introduced in section 4.1. If e is small enough, these asymptotic series can be truncated
while still preserving a good accuracy.

For this purpose, let us first establish the expressions of the Bessel functions of the first kind and their derivatives.
Here we restrict ourselves to the expression of order 6 for J;(s e) and order 5 for J.(s e):

Jy(se) = ioi_l)l <Se>2i+s 49)

=il (t+s)! \ 2
e € e’ 7
2 4 6

Jo(2e) = %—%+z—8+(9(68) @.11)
9e3  8le®

Js(Be) = S5~ S +0(€") (4.12)
2 4 6

Ji(de) = ?6—81—65+0(e8) (4.13)
625 e°

Js(5e) = =2 +0(e") (4.14)

6
Js(6e) = 2 Lo (4.15)
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0 2its—1
Jl(se) = ; X0 124::)‘? <S26) (4.16)
Ji(e) = %—%JF%JFO( ) 4.17)
Jh(2e) = g e;+f2+0( ) (4.18)
Ji(3e) = 9122— 1?2";66 +O(e") (4.19)
Ji(de) = 2365 — 4565 + O(e") (4.20)
Ji(5e) = 632864 +O(e") @21
Jh(6e) = 8;065 +O(eT) (4.22)

Another useful expansion concerns v/1 — €2 which can be expressed as

2 4 6

e e e 5e8

Combining the above results with the Fourier expansions established in section4.1, we then obtain the following
asymptotic series:

r e? 3e3  5e’ e? et 3e3  45¢€°
LA T M— (S~ Syeos(2M) — (25 - M
. t5 (e 5 —1-192)008 (2 3)cos( ) — ( S 128)008(3 )
4 12 5
—% cos (4 M) — 222 o5 (5 M) + O(eH) (4.24)
3 e’ 9 4 9e3  8leéd
- = 14 (e— §+@) cos M + (e — =) cos (2 M) +(? ~ 138 ) cos (3 M)
4 625 e° 6
+—— cos (4 M) + T cos (5 M) + O(e”) (4.25)
r e 3e2  5et e e & 3e?  45et
. = - 2 s M (- S 2 M - 3 M
acosgb 5 + ( 3 +192)cos +(2 3+16)COS( )+ (— S 128)COS< )
3 26° 1254 27 €°
-1—(% — —e) cos (4 M) + 32: cos (5M) + 5755 cos (6 M) + O(e®) (4.26)
2 11 4 3 5 2 1 4
2 sing = (1— 5% - 1962 ) sin M+(— - 5—e+ 24)sin(2M)+(3% - 51268 ) sin (3 M)
3136 1 27¢°
+(% - gg ) sin (4 M) + 32: in (5 M) + ;Oe sin (6 M) + O(c®) 4.27)
4.4 Appendix: the Bessel functions of the first kind
The Bessel functions of the first kind J, (x) are solutions of Bessel’s differential equation
& f(x)  df(z)
22 2 _ 2 _
122 +z T + (2 — o) f(z) =0 (4.28)
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Figure 4.1: Plot of the Bessel functions of the
first kind for increasing orders s = 0, 1 and 2.

that are finite at x = 0 for non-negative integer values of o, where « is called the order of the Bessel function. For
4.29
> (4.29)

o

integer order o = s, the Bessel functions can be written as
00 > 2m+s

To(@) = Z m!(m+ s)!

m=0

The generating function of the Bessel functions of the first kind is
T 1 =
ep(t-Dl= Y L@t
S=—00
This generating function can be used to derive some interesting and useful properties of the Bessel functions of the
first kind:
Js(z) (—=1)° J_s(x) (4.30)
J@) = (-1 Ji(~a) @31)
x
[Js—1(2) + Jsq1(x)] 5 (4.32)
(4.33)

dJs($) — 1 (Js_l(gg) — Jg-i—l(x))

J! =
Another important result can be obtained by setting ¢ = exp (j v) in the generating function of the Bessel functions

of the first kind. In fact, in this way, we find that t — 1/t = 2 j sin). Hence, for p an integer, we find that
27
exp (j s ) exp (—jp) dip

27 +o0
| e sing) exp (ipv)dv = 3 L) |

27 +o0
/ explj(z sing —p)dp = S Ju(z) 270y,

This result yields
27
@) =5 [ eplilesing — sy)]dy
™ Jo

1 /ﬂcos (st — x sinv) dy
0

which can finally be transformed into
Js(x) = T
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4.5

4.1

4.2

4.3

Exercises

Establish that the Fourier series in M, limited to e!, of (%)3 sin 2 ¢ is given by
_ [ 1. 2
sin2 M + 6(5 sin3 M — 5 sin M) + O(e?)

Suggestion: express (%), sin ¢ and cos ¢ in terms of the eccentric anomaly, then expand (1 — e cos )5 up
to order e’. Finally, take into account that sina cosb = 1 (sin (a + b) + sin (a — b)), and use equation 4.5
and the expressions of the Bessel functions 4.10 — 4.15.

Demonstrate that the independent term of the Fourier series in M of the function (%)4 cos 2 ¢ is given by:

ag 62

2 4(1—e2)52

1 27 5
— / (a) cosppdM
7 Jo r

where ¢ and M are the true and mean anomalies of an elliptical trajectory, respectively, and p is an integer
number that is positive or zero.
Suggestion: make use of the relation % =

Calculate the value of

2 . . .
= m and perform the integration with respect to the

variable ¢.



Chapter 5

The Forces acting on a body in space

The forces that impact the motion of a body in space are the gravitational attraction (by a planet or other body
that cannot be considered as a point-like mass), the radiation pressure (mainly from the Sun) and the drag force
due to the residual atmosphere (for an artificial satellite orbiting a planet or moon with an atmosphere). In most
applications, the fact that the planet is not a point-like mass, the atmospheric drag and the radiation pressure
effectively lead to forces that are small compared to the main term of the gravitational force and can hence be
treated as perturbations.

5.1 The gravitational potential

As highlighted in the previous chapters, the gravitational potential at a point P in space, produced by a point-like
mass m located at O is simply expressed as
G
U(P) = ——
0P|

For a number of point-like masses m; located at O;, the potential becomes

Gmi
V=25

%

The acceleration, that a test mass positioned in P # O; undergoes, is given by

g=-vVU(P)
For a single mass m, § = — C;:;" 7 where 7 = OP. As a result,
V-Gg=0
We thus obtain the Laplace equation:
AU(P)=0 VP#O0O (5.1)

which can be generalized in the case of several point-like masses:
AU(P)=0 VP #0; 5.2)
Now, if we consider the situation at the points O;, we can generalize these results to:

36
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Let us now consider a continuous distribution of mass, characterized by a density p such that in any point () within
the volume occupied by this distribution of matter dm = p(Q) dV'. It can be shown that in this case, A U follows
Poisson’s equation

AU(P)=—-471Gp(P) 54

where p(P) = 0 outside the volume occupied by the distribution of mass. If we consider the special case of a

spherical distribution .S of mass, we find that, by symmetry, the acceleration §(P) = — er g % dm is a radial

vector with a norm equal to g(r) = GTQ/[ with M being the mass contained inside the sphere of radius r. This is

fully equivalent to the situation of a point-like mass.

We now consider the situation for a body having a non-spherical distribution of mass. To address this topic, we
express the potential U (P) in spherical coordinates (6 being the latitude and A the longitude) as:

U(P) = U(r,0,%) = —CM 5~ Wal6,)

r n=0

Tn

It is obvious that the deviations from a spherical symmetry should not impact on the potential for distances that are
much larger than the dimensions of the body itself. Hence, at very large distances, we must recover the result valid
for a point-like mass. This implies that W, = 1. To satisfy Poisson’s equation at any place outside the distribution

of mass, one must have
Wa(6,A)
A( rn+1 > =0

The Laplace operator in spherical coordinates' can be written as

10

UYL LD (G 00Y, 1Py
or r2 cosf 00 00 r2 cos? 0 ON2

and this leads to the following equation:

2 2
n(n 4 1) Wn(0,2) + —2 I Wal0A)  TWal0.X) g OWal6,X)

cos20 O 902 og 55

Whatever the shape of the mass distribution, W, (6, \) is a function of period 2 7 of the longitude (\) and can thus
be written as

+oo
Wa(0,0) = > QP (0) exp (jp))

p=—00

If we insert this expression into equation 5.5, we obtain the differential equation

= 2 2 () ()
S p 0°Qn"(9) dQn"(0) :
S {[” (n+1)— m] ngp)(Q) + 2 tanﬁae} exp(jpA) =0 (5.6)

Since exp (j p \) are orthogonal functions for different values of p, the term between curly braces in equation 5.6
must be equal to zero whatever the value of p.

2 82 glp) 0 o 7(11’) 0
n(n+1)— Coize]ng(e)Jr%eQ()—tana%:o (5.7)

"We remind the reader that  stands for the latitude not the co-latitude.
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If we introduce the ancillary variable s = sin 6, the equation becomes:

2 (p) 2 ~(P)
[n(n+1)— 1:2]@()()—2 anS(S)Jr(l—s?)a%ZZ(S):o (5.8)

This is the general Legendre differential equation, whose solutions are the associated Legendre functions (see
Sect.5.4): Q) () = PP ().
The potential at any position outside the body can thus be written as

+oo n
= _7M Z Z smﬁ ) [enp €os (pA) + Spp sin (p A)] (5.9)

nOpO

where the ¢, and s, coefficients depend on the distribution of the mass inside the body. Obviously to recover
the potential of a spherical mass distribution at large distances 7, one must have cog = 1 and sgp = 0. In addition,
it can be shown that c¢1;, = s, = 0 if the origin of the axes is chosen to be the center of gravity of the mass
distribution. Hence, the most commonly used expression of the potential is

U= —GTM (1 + —io <]—:e>” {—Jn P,(sinf) + 2": PP)(sin ) [cpp cos (pA) + Spp sin (p A)]}) (5.10)

n=2 p=1

where IR, is the equatorial radius of the planet. In principle, the different coefficients in this development can all
be calculated analytically provided that the distribution of mass is accurately known (see Sect. 5.5). In practice,
such a detailed knowledge of the mass distribution is not available and one rather determines the values of the
coefficients indirectly from the observation of their effects on artificial satellites (see the next chapter).

The terms corresponding to p = 0 (coefficients J,) and p = n (coefficients c¢,, and s,,) are called zonal and
sectoral terms respectively, whilst those for 0 < p < n are called tesseral.

The dominating non-spherical term in this development is Jo. For a solid spheroid rotating about its axis of
symmetry, one can show that J, = 2 (RCR Bp) ;GIL, where R., I?, and w are respectively the equatorial radius,
the polar radius and the angular rotational velocity. .J» is thus dlrectly related to the equatorial flattening of the
rotating body.

The values of the most important coefficients are given in Table 5.1. Note that the values of .J5 are quite large for
Jupiter and Saturn as a result of their important equatorial flattening.

For some minor bodies (asteroids or comets) with rather complex shapes, the above expansion of the potential
sometimes fails to represent the actual potential for small values of r (i.e. near the surface of the object). It should
be stressed that the Earth is not a solid body and changes its shape periodically as a result of the tides produced by
the differential attraction of the Sun and the Moon. Note also that the tidal deformation of the surface of the Earth
alters the position of ground stations and this needs to be accounted for in the tracking of artificial satellites.
From these expansions of the potential, we can draw some important conclusions:

e J, being usually much smaller than 1, at large distances, the potential of a planet is very well represented by
the potential of a point-like mass;

oU 1 oU 190U
Or ' rcosf OX’r 08

non-spherical body in a low orbit will thus experience a series of perturbations in its motion compared to a
pure Keplerian orbit.

e the force acting on a test mass VU = ( ) is no longer radial. A satellite orbiting a
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Table 5.1: The most important coefficients in the expansion of the potential of some important planets of the Solar
System and the Moon.

Earth Mars Jupiter Saturn Moon
GM (m3s~2) | 3.98610™ | 4.28310™3 | 1.26710'7 | 3.79310%° | 4.90310"2
R, (km) 6378 3397 71398 60000 1738
Jo 0.001083 | 0.001964 | 0.01475 0.01645 | 0.000203
22 1.57107% | —=5.5107° 2.23107°
S99 —-0.90107% | 3.1107°
J3 —2.531076 | 3.6107° 61076
31 2.1910 2.9107°
S31 027107 | 2.610°° 410
J4 —1.621076 -5.8107* | —1.01073

5.2 The drag force due to the residual atmosphere

An object moving across the rarefied layers of the upper atmosphere of a planet experiences collisions with atoms
and molecules that make up this atmosphere (see Fig.5.1). The mean free path of the atmospheric particles is
usually much longer than the typical dimensions of the moving object.

Let us consider an object of mass m moving at velocity 7 across a medium of density p moving itself at a bulk
velocity v,,. Let v; = P — v, be the relative velocity. If S(¢) is the cross-section of the moving body perpendicular
to the body’s velocity relative to the atmosphere, then the volume of the atmosphere crossed by the object in a time
interval dt is given by dV = S(¢) |0;| dt. The collisions between the particles and the object alter the momentum
of both the particles and the object, but preserve the total momentum:

mdr = —Zmpdvp
P

In the latter relation, the sum encompasses all the particles inside the volume dV. The change in the particle
velocity dv, depends upon the nature of the surface of the body and upon the angle of incidence of the particles
in the collision. If the particles arrive at an angle « (relative to the direction of the normal to S(t)) and are simply
reflected off the surface of the body, then |dv,| = |v| (1 + cos (2)). Note that the angle « is not the same all
over the body, especially if it has a somewhat complex shape (e.g. Fig5.1).

As a result, the drag force experienced by the body can be expressed as

Fo = =2 5(t) plei| 5.1

where C'p is the drag coefficient that characterises the aerodynamic properties of the body in the direction of v,.
Since v, is often very small compared to 7, it is quite common to consider that the atmospheric drag acts as a
force opposed to the motion of the body. Obviously the atmospheric density plays a key role. For most planetary
atmospheres p and thus also F'p decrease exponentially with altitude. In the case of the Earth, a spacecraft orbiting
at an altitude of 250 km experiences a 1000 times larger atmospheric drag than the same spacecraft orbiting at
800 km altitude.

In practice, the use of formula5.11 to predict the motion of a body is not straightforward: the drag coefficient
is usually not well known and S(¢) depends on the orientation of the body with respect to the atmosphere and,
last but not least, p is usually only poorly known, depends on many external parameters and changes in a rather
complex and unpredictable way with the Solar activity.



N
o

CHAPTER 5. THE FORCES ACTING ON A BODY IN SPACE

¥
*______l"
B / e Figure 5.1: Schematic representation of the
S
s

&k\%\ i . interaction between a solid body and the par-
\% S(t) / F ticles of a rarefied atmosphere.

\ =

o =

If we assume a circular orbit and if we neglect v;, compared to 7, then |v;|> = G' M /r, hence

Folr® _Cps

GMm 2 m

We conclude that the ratio S/m is an important quantity. A compact object with a small area and a large mass
experiences much less drag than a low-density body.

5.3 The radiation pressure

From a similar reasoning as for the atmospheric drag, we find that the force due to radiation pressure can be
expressed as

Fp=—"1"Sep (5.12)
C

Here, C' is a coefficient that accounts for the reflectivity of the body, I is the intensity (the power per unit area) of
the light received from a direction € (i.e. the direction from the satellite towards the light source), c is the speed
of light and .S the surface that is lit by the light source. Note that the light reflected off the surface of the planet
must also be accounted for (usually using an albedo coefficient).

For orbits of spacecraft about a minor body of the Solar System (typically an asteroid), the gravitational attraction
by the central body (which has frequently a complex shape, deviating strongly from spherical symmetry) is rather
low and can be of comparable importance to the effect of radiation pressure (especially in the case of an asteroid
revolving around the Sun within 1 AU). The corresponding orbits are complex and deviate from simple Keplerian
orbits. Their stability strongly depends upon the initial conditions (the initial orbit radius about the asteroid must
be within a specific range to ensure stability). However, it has to be stressed that solar radiation pressure actually
helps to stabilize the orbit! Indeed, in these cases, the radiation pressure tends to force the orbital plane to remain
perpendicular to the direction between the Sun and the asteroid, thereby producing a kind of heliosynchronous
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orbit.

Finally, we emphasize that there exist some additional perturbation forces that affect the orbits of artificial satellites.
These are

e clectrostatic forces, especially for satellites crossing the radiation belts.

o the differential attraction by the Moon, the Sun and other planets. We will address this issue in the chapter
dealing with the N-body problem.

e relativistic effects;
o ...

Except for the differential attraction by other major bodies, most of the effects listed above are actually very small
compared to those discussed in this chapter.

5.4 Appendix: the associated Legendre functions

The solutions of the general Legendre differential equation

2 (p) 2 p(p)
P d Py () d® Py (x)
[n(n+1)—1_x2]P£p)(x)—2xT+(l—x)T:O (5.13)
for p > 0 are the so-called associated Legendre functions
1— p/2 qntr
P () = L=2) (@ —1)" (5.14)

2nnl  dxntp
These functions are obviously zero if p > n. For p = 0, the associated Legendre functions become actually
associated Legendre polynomials P, (z).

1 dr
2nn! dzn

Pa(a) = o 2(a® = 1)" 5.15)

The generating function of the Legendre polynomials can be expressed as

5.16
V1— Vi-2zt+2 +t2 HZ:O ( )
A remarkable property of the Legendre polynomials is that they are mutually orthogonal:
[ Pua) B o = 20 (5.17)
T x)dr = .
A 2n+1

One can verify that there exist two reccurrence relations that allow to compute the higher order associated Legendre
functions:

(n+1-p) PP (2) = 2n+1)2 PP (z) + (n+p) PP, () = 0 (5.18)
2(p+1)x
Via?

Using these recurrence relations, one finds that the first associated Legendre functions are:

PP+ () — PP @)+ (n—p)(n+p+1) PP (z)=0 (5.19)
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PO) =1

Pl(o) () == Pl(l)(w) =1 —a?

POy =32 -1 pN@)=32V1—a? PP =3(1-a?)

PO@)y=522 32 pVp) = (B2 _3)yT—a2 PP =152(1—-22) PP (x)=15(1—a2)3/2

5.5 Appendix: the relation between J,, ¢,,, s,,, and the moments of inertia

In this chapter, we have shown that the potential at any position outside the body can be written as

T =1

“+o0 n n
U= _GM (1 + 2_32 (%) {—Jn P,(sin6) + Z PP (sin 0) [cnp cos (pA) + np sin (p A)]}) (5.20)

where the J,, ¢, and s, coefficients depend on the shape of the body and the distribution of the mass in its
interior.

We can express some of these coefficients in terms of the moments of inertia of the body (see also the forthcoming
Chapter 8). These moments are the elements of a matrix Z of dimension 3 x 3 defined by Z;; = — [(x; z;) pdV
fori,j=1,2,3andi # jand Zy; = 3.0, iy [ 22 pdV.

Let us start by noting that the potential can be expressed by

dv’
U:_G/ pav_ (5.21)
VT — 1|
with
7= = (1% + 172 — 277" cos§)!/? (5.22)
and .
1 1 =X r\"
- = — P,,(cosd <> 5.23
T r,;) (cos ) { — (5.23)

If we limit the development to n = 2, we obtain

1 1 ! N2 /3 1
—=-[1+ T cosd + T = cos?d— = (5.24)
17— | r r r 2 2

In spherical coordinates centred on the center of mass and where @ is the latitude, we can write

7 =1 (cosf cos A, cosf sin A, sin 6)

whilst the coordinates of point P’ are (2, %/, 2’) in a conventional cartesian frame of reference. Since cosd = ’::,/ ,
the potential U becomes

1 - "\ 1
U = ¢ [ pdV’—i——QF-/ pr’dV’+/ p <r> (3 00325—> dV’}
r Y T \d \vad T 2 2
GM G 3 (2% cos? 6 cos? A + y? cos? 0 sin? A + 2% sin? ) — (22 + y/? + 2?)
- Ty 7 V/p 2172

N 3(z'y cos?f cos A sin A+ 2’ 2’ sinf cos@ cos A+ y' 2’ sinf cos 6 sin \)

] dv’ (5.25)

r2
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GM G 3sin20—1 o e, G ) a? —y?
= - +r_3 1 /V/p(a: +y“ -2z )dV—T—3300s 0 cos (2 ) leTdV
!,
—%300529 sin(2)\)/ px Y dV’—%§ sin26 [COSA/ px’z/dV’+sin)\/ py/z'dV']
r / 2 o 2 \d 1
M Tow +Tyy —271,, . .
= _GM % |:P2(SiIl 0) + y2y + P2(1)(Sln 0) (Zy, cos A+ T, sin \)
r r
Lyy — Lo Loy .
+P2(2) (sinf) <ny cos (2\) + Ty sin (2 A))} (5.26)

Now, comparing expressions 5.20 and 5.26 of U, we obtain the expressions of the coefficients of the potential as a
function of the moments of inertia of the body of mass M:

By = - Mle / , 22'/2_;/2_3/2 av’ = 2L - ]\%fgg— Tw (5.27)
co1 = Aﬁ; (5.28)
So1 = J\?RE (5.29)
C2 = %}M;;? (5.30)
Sop = 21@“”?}%2 (5.31)

In addition, we directly obtain from this procedure that cog = 1, sg0 = J1 = c10 = s10 = c11 = s11 = 0 if the
origin of the axes is chosen (as we have done here) to be the center of mass.

Figure 5.2: Schematic (highly exaggerated)
representation of the elevation of the Earth’s
geoid with respect to the reference spheroid.
The maximum deviations are —106 m (dark
blue) and 485 m (red). Image credit: GOCE
mission (ESA).

As shown by equation 5.21, the gravity field of a planet obviously depends upon the distribution of the material
in the planet’s interior. In the case of the Earth, the shape of the planet can be approximated to first order by
a spheroid with an equatorial radius of 6378.137 km and a polar radius of 6356.752km. However, for accurate
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computations in celestial mechanics, there are many terms of the spherical harmonics development that need to be
taken into account. For instance, the Earth Gravity Model 1996 (EGM96) geoid contains coefficients to degree and
order n = 360. Even higher frequency terms (due to mountains, trenches,...) are measured by the latest generation
of Earth observation satellites such as Grace (NASA) and GOCE (ESA).

5.5.1 The potential of a spheroid

For a body with rotational symmetry about the 2’ axis, the ¢, and s, coefficients are zero, and equation 5.20

simplifies into
400 n
gt (1 () Pn(sin9)> (5.32)
T

r n=2

As we have seen in the previous section, the potential can also be expressed as a combination of equations 5.21

and 5.23:
pdv’ -G / X <T’>” /
U=- — = — E P, — V .
G / . 2 (cosd) " pd (5.33)

=

Hence

_GM (1—JiO (Re)n JnPn(sin0)> = —g //iPn(cosé) (7;/)" pdV’

r =\
+oo R n +oo T,

=M (1 — Z (6) In Pn(sin0)> = Z/ P, (cosd) () pdV’ (5.34)
n=2 r n=0 v’ r

In this relation, ¢ is the angle between 7, the position vector of the point where we evaluate the potential, and 7,
the position vector of an element of mass inside the body.

We can now evaluate relation 5.34 at an arbitrary position on the symmetry axis (i.e. on the 2’ axis), but outside the
body. For such a position we have § = 7 on the left of relation 5.34 and § = 7 — 6’ on the right. Since P,(1) = 1,
and remembering that dV’ = 1’2 cos #' d¢’ df’ dr’, we obtain

/

oo Re n —+o00 r n
M (1 -y (T> Jn> = > . P, (sinf’) <T> pdv’
n=2 n=0
“+00 g R(@’) T‘/ n
= 27 Z/ P,(sin@’) cos®’ / () p(r', 0" dr' | de’
n=0 _g 0 r
where R(6') is the radius at latitude #’. Since the different powers of % are linearly independent, we must have

27 RS [7/2 RO /g \FT dr’
J, = =Tt P, (sin®) cos ¢ / () r0) ) e 5.35
M s (sind’) cos ( ; 7 p(r', 6" R (5.35)

If we call R,,, the mean radius of the body, which differs from R, by a quantity proportional to J2, we can finally

write: s ) o ot
2T R /2 O " dr’
g, = 2T P, (sin @) cos / () Coy ) g 5.36
M (sin®’) cos ( ; o p(r )Rm (5.36)

This is the general expression of the zonal coefficients. We note that equation 5.36 remains valid also for a body

that does not have rotational symmetry. Indeed the same reasoning as above holds in this case since Pép ) (1) =0,
implying that a test position on the 2’ axis does not feel the influence of sectoral and tesseral terms, regardless of



5.5. APPENDIX: THE RELATION BETWEEN Jy, Cnp, Sxnp AND THE MOMENTS OF INERTIA 45

the actual values of the ¢, and s, coefficients.

For now, let us come back to the case of a celestial body with axial symmetry. A special case of such a configuration
is the spheroid approximation. A spheroid is obtained by rotating an ellipse about its major or minor axis. The
radius of the spheroid is given by

2
R(0) = R, (1 - ?6 Py(sin 9)) (5.37)
where € = RER;W?” is the ellipticity, which we assume to be a small quantity. R., R, and R, are the equatorial,
polar and mean radii, respectively. This leads to R, = R, ( — %) and R, = Ry, (1+5). If € > 0, the

spheroid is said to be oblate, whereas it is prolate if € < 0.
If we use the spherical coordinates as defined above with ¢ being the latitude, we obtain that

922 — g2 42

=12 Py(sin6)
2
From equations 5.27 and 5.36, we thus derive that
1 222 — % —y?
J = — dav
2 M R2 /V P 2
27 [T b ind) 0(/R(0) 4 dr) d6 (5.38)
= ——— sinf) cos redr .
MR% —7r/2 2 0 p
If the spheroid has a uniform density, such that p = %, the latter expression simplifies to
hom = [ py(sin6) cost R(O) a0
2__10R2R§n/—7r/2 »(sin @) cosf R(0)

which can be expressed to first order in € as
3 (/2 . 10 .
Jo ~ —— Py(sin®) cos @ [1 — — € Py(sin )] d
10 J_» /2 3
Given the orthogonality of the Legendre polynomials (see equation 5.17), we eventually derive that

P
Jy ~ f (5.39)

Hence, we conclude that, to first order in €, the potential created outside a spheroid of uniform density can be
expressed as

U=

r r2

2
_GM <1 _ LB Pg(sin0)> + O() (5.40)

The classical Keplerian term is also called the monopole gravitational potential, whilst the term in .J5 is often called
the quadrupole gravitational potential.

If the spheroid does not rotate, then the potential on its surface can be expressed

2 €
U(R(9)) = —g(](‘f) (1 - }J;(g; P(sin 9)) ~ —C;;‘f {1 + (23 - J2> Py(sin 9)] (5.41)
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Note that this result is valid also if the density of the spheroid is not uniform. A non-rotating spheroidal fluid
body of mass M is said to be self-gravitating if it is in equilibrium, which implies that U (R(6)) must be constant
over the surface (otherwise there would be tangential forces acting on the surface). This condition implies that
the surface potential must be independent of 6. From equation 5.41, we see that this equilibrium condition implies
€ = 0. Hence a uniform density self-gravitating fluid in equilibrium adopts a spherical shape.

For a body to behave as a fluid, the internal pressure needs to be larger than some threshold value. This condition
translates into a limit on the radius and hence the mass of the body. Hence stars and planets have essentially
spherical equilibrium shapes, whereas minor bodies (asteroids, comets, small moons,...) with mean radii of less
than about 250 km can have very complex, non-spherical, shapes. Deviations from such equilibrium shapes can
arise for different reasons such as additional internal forces (other than gravity), centrifugal forces due to rotation
(see below), or tides due to an orbiting mass (see Sect. 8.5).

If the object is rotating as a solid body (i.e. with a uniform angular velocity w), expression 5.41 needs to be
corrected for the centrifugal term

L2 R6)? cos2(0) = —%aﬂ R(6)? (1 — Py(sin6))

The potential on the surface of a rotating spheroid hence becomes

U(R(0)) ~ _%‘j {1 + (2; - JQ) Py(sin 9)} ¢ ;%,2% (1 Py(sind)) (5.42)

Now, considering a self-gravitating rotating fluid spheroidal body in equilibrium, we again need to have a potential
that is independent of 6. Hence, we obtain the condition

2¢ Ww?R?
-2t m 4
f=3 T 30m (5.43)

5.6 Exercises

5.1 An object moves under the influence of a central force of the form

fr=-5+5

23
where 1 and c are positive constants. Show that the orbit can be expressed as

B a(l—e?)
"= 1+ e cos (Ao + o)

If e < 1, show that A = , /7.7 (Adapted from Fitzpatrick 2012).
©na

5.2 Two satellites are in orbit about the Earth. The first one moves on a circular orbit of radius 7. We define
a system of Cartesian axes, corotating with the first satellite, with the = axis pointing from the first satellite
to the center of the Earth, the y axis being tangent to the first satellite’s orbit and pointing in the opposite
sense to the motion of this satellite. The z axis hence points along the direction of the w) vector, i.e. the
angular velocity vector of the first satellite. At time zero, the second satellite is located at x = 0, y = A,
where A << r1, and moves with a velocity that is aligned with the €; vector. We neglect the gravitational
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53

interaction between the two satellites. Let (2, y2) be the coordinates of the second satellite. Establish the
differential equations of the motion:

.%2 = 3&)%:112-1-2&)192

o = —2wid

Demonstrate that the second satellite moves on an elliptical orbit about the first satellite. Show that the
motion is retrograde and that the major axis is aligned with the y direction and is twice as long as the minor
axis. Discuss the implications of this result on the possibilities to perform formation flight (i.e. to have two
satellites moving with a constant separation and fixed attitude) in low-Earth orbit.

Show that for a self-gravitating, rotating, fluid, spheroidal body whose density varies with radius as r—¢
(a < 3), the ellipticity is given by

5w? R3,
A4+20)GM

What value of « is needed to explain the observed ellipticity of Jupiter (¢ = 0.065, R, = 7.1398 10" m,
w=1.7710"*rads™!, G My = 1.26710'" m?®s~%)? (Adapted from Fitzpatrick 2012).



Chapter 6

Perturbations of the Keplerian motion

As we have seen in the previous chapter, there are a number of forces, other than the point-like gravitational
interaction, that can influence the motion of a body in space.

Let us consider the equation of motion

F= L5+ PRy ©6.1)
If the force P = 0, we are left with a pure Keplerian motion. As discussed before, we can represent the Keplerian
motion by the combination of a conical section and a hodograph in a 6 dimensional space consisting of 7 and 7
and a seventh dimension actually consisting of the value of y. Conversely, we have shown that any Keplerian orbit
can also be described by the elements of the orbit: e.g. (i_i, l_; to, pt). In the latter formulation, the orbit is actually
represented by a single point in a 6 (+ 1) dimensional space.
If the force P #* 0, the trajectory is no longer Keplerian. However, at any given moment in time ¢, we can define the
osculating orbit as the Keplerian orbit that is tangent to the actual orbit at time ¢. In this case, the orbital elements
of the osculating orbit change with time and the representation of the elements of the orbit in the 6 dimensional
space is no longer a single point.

L
z

Z!

Figure 6.1: The various systems of axes and
coordinates used in the formulations in this
chapter.

| R

48
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6.1 The method of the variation of parameters and the Gauss equations

For a Keplerian motion, we can express the position and velocity! at any moment in time by relations of the kind

zj =zj(a,e,i,Q w,to,t) (6.2)
uj = uj(a, e, i, Q,w,to,t) (6.3)
where U; = % = i‘j and Qlj = —,U/% + Pj(mj,uj,t).

Now, if we deal with the osculating orbit, we can write:

dr; 8arj@+8a:jde+ +8arj@+8a:j .
dt  da dt = e dt Oty dt o 7
duj Odujda  Odujde Oujdty Ouy ,ux]
— = ——+ = = P; t
it oo dt " oe dt T o at T o + By, u,t)
where u; = 8; and au] = £ m] for the osculating orbit (that must satisfy the equations of the Keplerian motion).
This then leads to
Oujda  Ovjde | 9xidlo_ (6.4)
da dt OJe dt Oty dt
Jujda Odujde Ou; dtg
— =+ ..+ — Pi(xj,uj,t 6.5
da dt | de dt dty di (@30 U0 ) 6.5

The partial derivatives in these relations need to be calculated from the equations 6.2 and 6.3, valid for a Keplerian
motion. The system of equations 6.4 and 6.5 is inverted to yield the derivatives of a, e,..., and tg.

The same results can be obtained through a somewhat different approach. In fact, let 2X be the variation of any
quantity X as a result of the non-Keplerian part of the force acting on the mass. Wlth this notation, any time
derivative can be written as the sum of a Keplerian derivative plus a non-Keplerian component:

L (axy X
dt \ dt )gepler Ot

Since the osculating motion is defined such that the instantaneous values of 7 and P correspond to a tangential
Keplerian motion, we find that % — P whilst ‘;—f = 0.

Let us now evaluate the impact of the non-Keplerian force on the angular momentum, the Laplace integral and the
energy:

dh 57 q
—_— e r 7:_’ P *
dt TAGEETA (©0)
df pN =N S5 B > D\ =
'udt = 2(F-P)r—(r-7)P—(F-P)F (6.7
de L o=
_ = _’-P 6.8
— P (6.3)

Note that these equations are valid whatever the nature (elliptical or hyperbolic) of the osculating Keplerian trajec-
tory.

"Here the z; and u;, with j = 1,2 or 3, stand for the cartesian components of the position and velocity vectors.
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In Chapter 3, we have seen that the Poisson vector can be written

L di di . .
G=0a+ % ez voer = e+ Qsinieys + (2 cosi+ ) ez

dt dt
and the derivatives of the angular momentum and the Laplace integral can also be expressed by
dh . S
— =hez + QAR
a e
Al d(euw) . —
— = =éup+ QNI
dt e
This then leads to
h = (F/\P')-eélzrez,-ﬁ
di — —
hd—z = —(FAP) ey =7 cos(p+w)ez - P
hQsini = (FAP)-exr =rsin(¢p+w)ez - P
pe = 2(7 P) (i) — (7 7) (P -aig) — (- P) (7 i)
pe(w+Qcosi) = 26 -P)(F-w)— 7)) (P-w) — (7 P)(F- v
W L =3
ﬁ a = 7T- P

(6.9
(6.10)

6.11)
6.12)
(6.13)

(6.14)

Note that whilst equations 6.9 - 6.13 are valid regardless of the nature of the osculating orbit, in equation 6.14 we
have considered the specific case of an elliptical osculating orbit, which we shall also consider in the following.
Finally, the variation of M is somewhat more difficult to establish. It consists of two parts, the instantaneous

Keplerian part n(t) where
t3
n(t) = n(ty) — /t N Y
0

and a non-Keplerian part which can be shown to be equal to

M . 2 -,
0 =—V1—-e?(w+Qcosi)— T (P-é€)

ot N
Hence, 5
. . r N
M=n(t)—vV1—e2(w+Qcosi)— P.e
(1)~ V1= )~ (P )
If we express the force PaP=R &, + T €4 + W ez we can transform the above relations into
a = @2 [R(esing)+ T (14 e coso)]
B 1A/1—e?
1 —e2
¢ = a(ﬂe){Rsinqﬁ—i-T[cosqﬁ—i—a(lr_é)(e+cos¢)]}
di  7rcos(w+9)
dt ap(l—e?)
O — r sin (w + @) gy
Vap(l—e?)sini
) a(l—e?) ] . r r sin (w + @) ,
o= 7[—Rcos¢+Tsm¢(1+a(l_EQ))]— (=) coti W
: 1—¢? [a r 2r
M = - 4= T sing (1 -
n(t) — = \/;[ Reosg+ T sing(1+ )] =~ R

(6.15)

(6.16)

(6.17)

(6.18)

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)
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These expressions are called the Gauss equations for the osculating elements. A first important conclusion is
that only a force with a component perpendicular to the plane of the Keplerian orbit produces a variation of 4 or 2.

6.1.1 The Gauss equations applied to the case of the atmospheric drag

As a first practlcal example, we consider the impact of a drag force as seen in the previous chapter. For such a
force, we have P = —k 7", where k = CDS p|7]. This then leads to R = —k#, T = —kr ¢ and W = 0.

We conclude immediately that in this case ‘“ = = 0. The fact that dz = 0 has important consequences for
debris from a spacecraft that fall back onto the Earth under the effect of atmospheric drag. Indeed, these debris
will remain in the orbital plane of the original spacecraft and the latitudes that are potentially concerned by the
debris are thus —i < 6 < ¢. For instance, the Chinese space station Tiangong 1 that fell back to Earth in 2018 had
an orbital inclination of 42.8°, implying that no debris could reach Belgium.

We further note that |r/] = \/’1"”_‘17 V1+e?+2e cos ¢ withn = /L. This then leads to the following results:

3/2
1+e?+2
G —Cp 2 png? |LEE T 2ec0sd (6.24)
m 1—e2
—C 5 £¢1+62+26COS¢(6+COS¢) (6.25)
- Dmpm '
= (hyﬁp V1+€2+2¢cosgsing (6.26)
evl— 2
. S sing 1+ e? + e cos¢
_ 2
an(t)—i—CDEpna\/l—i-e +2e cos ¢ TR— (6.27)

The net effect of the drag force is therefore to reduce the value of the semi-major axis and to reduce the eccentricity
of the orbit.

It has to be stressed that the density p of the atmosphere varies with time and with altitude. In the case of a
satellite orbiting the Earth, the time dependence of p stems from the Earth’s rotation (due to the heating by the
solar radiation, a maximum is observed roughly two hours after local noon and a minimum about two hours after
local midnight) and from the solar activity (the latter results in an irregular variability due to flares, a roughly
periodic modulation due to the solar rotation period and the visibility of active regions at the solar surface as well
as a long-term modulation with the solar cycle). The dependence of the density on the altitude can be expressed as

P = po €xp ( ho}; h), where h is the altitude and H is the scale height at the altitude hy.

6.1.2 Application to a conservative force

A conservative force can be expressed as the gradient of a potential U. In this section, we consider the case of the
first non-Keplerian term in the gravitational potential of a non-spherical body. As we have seen before, this part of

the potential is dominated by the J5 term and we hence consider P = —VU’ where
R? 3 1
! _ 2
U = Jg,u—r?f (5 sin“ 0 — 5)

In the spherical coordinates (r, A, §), centred on the center of mass of the non-spherical body (see Fig. 6.2), this
yields

po_ QU 1 ou 1o
N Or "rcos@ O\ r 00
2 2

= (Jo MR—Z (g sin? @ — %), 0,—3.Js ,uR—f sin 6§ cos 6) (6.28)
r r
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If we wish to express P in the axes of the osculating motion, we find that

Figure 6.2: Definition of the angle 3 between
the instantaneous vectors € and e3. The for-
mer refers to the polar angle in the osculating
plane of the motion, whilst the latter corre-
sponds to the longitude in the spherical coor-
dinates centred on the center of mass O of the
non-spherical distribution of matter.

2
e

(9 sin? @ — §)

R
R=Jopu 5

IERD)

R2
T =—-3Japu—; sinf cosf sin 3
T

R2
W = —3Jau—; sinf cosd cos 3
r

where (3 is the angle between €} and ¢ (see Fig. 6.2). Before using these expressions in the Gauss equations, we
need to convert # and (3 into the elements of the osculating orbit. This can be done by noting that

sinf = sini sin (w + ¢)

sin @ cos @ sin § = sin? i sin (w + @) cos (w + @)
sinf cos @ cos 3 = sini cosi sin (w + @)
which eventually yields
3 RZ . 2. . o
R= §J2,u—4(3 sin“ ¢ sin® (w+ ¢) — 1)
T

R2
T=-3Jy ur—j sin? i sin (w + ¢) cos (w + @)

R2
W = =3 Jy pu—7 sini cosi sin (w + ¢)
r
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We can now insert the expressions of R, 7" and W in the Gauss equations. In this way, we obtain:

2 4
0 = %(1[26) (a) [ 5in?i (6 sin ¢ — 5 sin (2w + 3¢) + sin (2w + ¢))
—e
—4esing — 4 sin?i sin 2w+2¢)} (6.29)
é = §JQn 1—62< > () 681n i sing — 5 sin?i sin (2w + 3 ¢) + sin4 sin (2w + ¢) — 4sin¢}
3 JQTL 3
4m< ) (7“) sini [2e sin (2w 4 2¢) +sin (2w + ¢) + sin (2w + 3¢)] (6.30)
‘ B 3
% = 2\/?){]2771( ) (Z) sini cosi sin (2w + 2 ¢) (6.31)
— €2
_ 2 3
Q = 2\/31‘]27”2( ) (Z) cosi (1l —cos(2w+20¢)) (6.32)
—e
. 1*62 R, 2 . 9.
w = ng (a) () 4cosq§—sm 2(6cosd>—5Cos(2w+3¢))—cos(2w+¢))]
2
_’_3\/J12n72 (Z) <> sin? i [cos (2w + 3 ¢) — cos (2w + ¢)] — Q cosi (6.33)
—e
2 3
M = \/1—62w+ﬂcosz)—|—3J2n<}Z) (Z) {1—2sin2i(1—cos(2w+2¢))} (6.34)
In all the equations above n = a%

6.2 The Lagrange equations

An alternative formulation of the perturbation of the elements of the osculating orbit can be obtained through the
Hamiltonian formalism that we have introduced in Chapter 3.

Indeed, we have seen that the Hamiltonian represents the total energy per unit mass of the moving body. For an
elliptical motion due to a point-like mass, the Hamiltonian can thus be expressed as

2
__
n 22

where L = /v a. In those cases where the perturbating force is conservative (i.e. can be expressed as the gradient
of a potential U"), the total energy and hence the Hamiltonian become

2
H = —2% +U'(l,g,0,L,G,0)

In the latter expression, we have used the Delaunay canonical elements

(1.9.6,L,G,0) = (M,w,Q, /jra,\/ua(1 - e2),\/ua(l - ) cosi)

to express the potential as a function of the elements of the osculating orbit. The canonical equations of Hamilton
then yield
dL ou’

& - o (6.35)
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G oU
dt _89
e aU
dt 00
dr o oU
@ - BT ar
dg  oU
dt oG
a0  aU
dt 90

(6.36)
(6.37)
(6.38)
(6.39)

(6.40)

For an elliptical osculating orbit, we can express the relation between the conjugated Delaunay moments and the

elements a, e and i:

pa=1L* = pda=2LdL
G? G? G

2 _ —
(C] © 1
cosiza = sinidi:@dG—ad@
From these relations and the canonical equations of Hamilton, we infer thus
da  2LdL 2 0U
dt  p dt nadM
de _ L[ M dL_ b dG]_1[E-10U VI~ & oU
dt e |(pa)3? dt pa dt | e| na? OM na?  Ow
di 1 [8 U’ . aU’}
— = — cos 1
dt na?y/1 —e? sini | 082 Ow
aQ -1 ou’
dt  na2y1-—eZsini 0i
dw 8U’ﬁ+8U’%_ cos i oU V1—-e2oU'
dt - 01 0G Ode OG - na2v1 —e? sini ot nale Oe
dM u? oU da 90U de 2 U 1-e20U
= 53+ = + — =n(t) + — +—
dt (na)®/ da OL  de OL na da  na’e Oe
These Lagrange equations can be expressed in a more compact form:
I da 7 0 [ 0 —2a 0 0 0 0
dt 1—€?
daM n(t) 2a 0 - 0 0 0
% 0 1 0 _1;62 0 1;62 0 0
L | = r— — -
‘;}T 0 na2 | 0 0 Y=< 0 Wi i 0
ar 0 0 0 0 _ CcoS? 0 1
g4 0 Vi-eZ sini T—e2
L@ 1 L . 0 0 0 0 N 0
L 1—e? sint

sin¢

(6.41)

(6.42)

(6.43)

(6.44)

(6.45)

(6.46)

6.3 Resolution of a differential equation depending on a small parameter

Before we discuss the impact of the different terms in the Gauss or Lagrange equations on the osculating orbit, we

first need to consider the resolution of a non-linear differential equation involving a small parameter.



6.3. RESOLUTION OF A DIFFERENTIAL EQUATION DEPENDING ON A SMALL PARAMETER 55

Let us thus consider a non-linear differential equation

dx
a f(z,m) (6.43)

that depends on a small parameter 1. The solution of this differential equation of the first order implies the
knowledge of a single constant of integration that we shall call .

We assume that we know the solution of this equation for n = 0 which is given by x (¢, ap) where «y is a constant
of integration. We are looking for a solution of the differential equation of the form

z(t,n) = xo(t) +na1(t) +n v2(t) + ... (6.49)
This leads to
dxo dx; o dx 2
N ot 0
o +n o +n o + flxo+nx1+n° 22+ .., 1,0+ 1)
of 9 10%f 5 5
= t —L )+ ——a
f(x07 70)+a$0(77371+77 172+ )+28$(Q)(77331+77 .’L’Q+ )

of o*f 9 10%f 9
+ an>n:0 n+ axoan(ﬁl‘1+ﬁ $2+...)77+ 5877]2 o n

F.. (6.50)

Where 37,1; stands for the partial derivative of f with respect to x evaluated at x = xy. By comparing the coeffi-
cients of the various powers of 1, we obtain that

dxo

P f(20,1,0) (6.51)
dxy of (9f)

2o A 2L 52
dt 6950 T 87} n=0 (6 > )
dzy  Of  10°f , 0°f 102 f

dt  Oxo T2t 2 Oz} et Oxo On Tt 2 On? =0 (6.53)

The equations hereabove yield successively xo(t, ), 21 (t, 1), 22(t, a2),... where the o are constants of inte-
gration. If we restrict ourselves to the nth power of 7, we can now express the solution of the problem as

‘T(t7n) = 'C["O(ta O[()) + nxl(t7 al) + 772 IL’Q(t,OéQ) + .+ T,n .fl,‘n(t, an) + O(nn+1)

Expressed in this way, the solution involves a total of n + 1 constants of integration which is of course too much
given that the differential equation is of the first order. To solve this issue, we can adopt either of two approaches:

e in the first method, the constant of integration «y is determined for x((t, ap) by the condition that at time
to. zo(to, ) = Xo = z(to). For the subsequent functions, one then adopts x;(tp, ;) =0 Vj =1,...,n.
In this way all the or; can be determined consistently.

e in the second technique, a constant of integration is added only in the resolution of the very first equation,
whilst no such constants are added for the subsequent equations. Hence,

2(t) = wo(t, a0) + a1 (t) + 77 wa(t) + .. + 0" 2 (t) + O(y" )
The value of « is then determined from the condition

z(to) = Xo = zo(to, 20) + nx1(to) + n° x2(to) + ... + 1" zn(to) + O(n" )
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6.4 Secular, periodic and mixed terms

In the Lagrange equations, we can distinguish between metric and angular elements of the osculating orbit. The
former are a, e and ¢, that we shall designate in the following by the generic notation «, whilst the latter are w, (2
and M which we designate by (3 in this section.

Let us assume that the potential U’ depends on a small parameter 7 and can be expressed as

||M8

Z Z{U(kl a,e,i) +17Uj(kl)(a e z)+...} cos(JQ+kw+IM)
k=0 =0

For the metric parameters, the perturbations can be expressed through the Lagrange equation as

||
H Mg

oo oo
Z Z [Aék)l a,e,n) +7]A(k)l(a e, i) + } sin(jQ+kw+1M) (6.54)
k=0 1=0
Conversely, for the angular elements, the perturbations can be expressed through the Lagrange equation as

B =n(t)dsn + 1 ZZZ{BJ(k;an +17B(k3(aez)+...}cos(jQ—|—/~cw—|—lM) (6.55)
j=0 k=0 1=0

where n(t) = ng(ag) + é%) (an+an*+..)+3 ZT" (a1n+agn?+..)%+ ...
It has to be stressed that whilst there does not exist a term Aooo (because sin 0 = 0), there is the possibility to have

a term B(()]Sg) different from zero.

Since we are looking for solutions of the type a(t, 1) = ag+n a1 (t) +n? aa(t) + ... and B(¢t,n) = Bo+n B (t) +
n% Ba(t) + ..., we can now use the method outlined in Sect. 6.3 to find that at order 0 in 7:

ag = 0 (6.56)
fo = nodgm (6.57)
This implies that, at order O in 7, the metric variables are constants and the angular variables are constants or linear

functions of time, in the case of the mean anomaly M = ngt 4+ mg.
At first order in 7, we can write for the metric variables:

[ oo SlNe 9]

=3 5" 5" Al (a0, €0, i0) sin (j Qo + kwo + 1 M) (6.58)
7=0 k=0 =0
which can be integrated into

O O X© Agk)l (a0, €o,i0) cos (j Qo + kwo + 1 Mp)

lno

(6.59)

where we use the second approach of Sect. 6.3 for the determination of the constants of integration.

Note that the Lagrange equation of a involves 2 S M " and hence there is no term corresponding to [ = 0 in the sum.
For é and ‘th’, the absence of [ = 0 is not guaranteed and this can bring up a double sum of secular terms (see below
for the definition) of the kind [sin (j Qo + kwo)] t. We note however that for artificial satellites revolving a planet,

these terms do not exist.
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For the angular variables, we obtain

[ o lNe OlNe 9]

. dn
81 = dag a1 0gnm +B(()02] (ao, €o, o) Z Z Z ]kl ao,eo,zo) cos (j Qo + kwo + 1 Mp)

Given the expression of a; that can be derived from equation 6.59, the first term of the right hand side expression
can be merged into the triple sum of cosines yielding

B = Bigh(ao, eo,io) + Y Z Z Bl (a0, €0, i) cos (j Qo + kwo + 1 Mp) (6.60)

which can be integrated into

B = Bith(ao, eoio) t+ > 3 z
7=0 k=0 I=1

It is worth comparing expressions 6.59 and 6.61. In the first case, we find only periodic terms (¢ appears only
through trigonometric functions) whilst for the angular elements, there is also a secular term, where the time
appears as a factor. At first order in 7, the metric variables hence undergo periodic changes, whilst the angular
variables change linearly with time.

Finally, for the second order in 77, we obtain for the metric variables:

]kl (ao, €0, 1p) sin (j Qo + kwo + 1 Mp)
lno

6.61)

0o oo oo 814( ) 8A(~1) aA(l)
. . (2) . jkl Jkl Jkl . . .
Oy = jzo go 2 Ajkl(ao,eo,zo) + Bao a1 + Beo e1 + B, i1 | sin (j Qo + kwo + 1 M)
+3° 575" Al (ao. €0, i) (j 1 + kwy + LMy) cos (j Qo + kwo + 1 Mo) (6.62)
§=0 k=0 1=0

Using the expressions 6.59 and 6.61 we can then transform this relation into

022 - Z Z Z A 4% CLO, €0, ZO) Sln( i QO =+ ]{,‘H wo + l” MO)
j’"=—00 k''=—00 lI""=—00
0o 0 00
YD Alyi(ao, eo, o) t cos (j Qo + kwo + 1 M) (6.63)
7=0 k=0 =0

which leads eventually to an expression of the type

// mn\aQ, €0, 2
Z Z Z b ll” 0, €0, %) cos (5" Qo + k" wo + 1" M)

j'=—00 k'"=—00 I'""=—00
00 00 00 A’

+Z Z Z ]kl CLO,@O,ZO)

t sin (j Qo + kwo + 1 Mp)

§=0 k=0 I= lno

0o 00 0 ao, €o, i

Z Z Z M cos (7 Qo + kwo + 1 My) (6.64)
§=0 k=0 =0

In addition to the periodic terms, we see that this expression now involves also mixed terms where the time appears
as a factor of a sinusoidal function. With increasing powers of 7", one obtains increasing powers of t"~!. This
illustrates that the development is valid only over a restricted interval of time and will not yield the correct answer
for arbitrarily large values of ¢.
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6.4.1 Periodic terms

One can avoid the existence of the mixed terms by expanding the osculating elements a and J in a somewhat
different way. Indeed, let us consider an asymptotic development of « and 3 truncated at the Nth power of .

a = a+ Y non (6.65)

N L N
B = fo+ (Zn”%) t+> 0" b

n=1 n=1
o N
= Bo+nBt+ > 1" b (6.66)
n=1

where the quantities /3 are constants to be determined. Note that these numbers have the dimensions of an angular
velocity.
To simplify the notations in this section, we shall further introduce

e = 40+ kwo+ 1M (6.67)
Vi = J+kw,+1M, (6.69)

Now, considering N = 2, we can write
- 1) AL 2
dp +ndy +n?ds Z Z > InAja(ao, eo,io) +17° ) T«]o a1 + 1 A§k)l(ao, €o, io)
§=0k=01=0 o

X sin (Yo + 170t + 1Y) (6.70)

1d?n

2 dad 5 (na1 +n%a2)?* 8pm

dn
Bo+nBi+n*Ba+nb+n? 52—n(a0)5,6M+d7(77a1+77 az) dpm + 5

(1)
o N v 9Bjy 2 () : o L )
E:E:E: nBykl ao, €0, o) + n° E By a1 +n° Bjj(ao, €0, 90) | cos (Vjr + 17kt +1Y55) (6.71)
=0 k=0 1=0

‘We note that one can write

sin (7?141 + 0¥kt + UV}kl) = sin (“Y]ka + N, t) + cos (’Ygokz + 0%k t) 777]11&1
and

cos (’Y?k;z + 0Vt +n ’Y}m) = Cos (V?kl + 1%, t) — sin (7;')kl + N0V t) N ’Y}kl
Now, at order zero in 77 in equations 6.70 and 6.71, we recover expressions 6.56 and 6.57, i.e. the metric elements
are constant and the angular elements are either constant ({2 and w) or linear functions of the time (M).

At first order in 77, we obtain for the metric parameters

[ o Ne Sl o]

. 1 ) 1 2%
ap = ZA}J, (a0, €0, i) sin (Y + 0V j01 1)
§=0k=0 =0

e ]kl (ao, o, 7o)

0 _
S = Yoy ke ) ot 6.72
a i nol +77’Y]k; cos (7]]€l + N7kl ) ( )
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For the angular elements, we can write

. dn
fr+61 = dag ™ dgm + B(()oz)(am €0, 10) + Z Bjkl ao, €0, 70) €08 (Vi + N¥;x1 t)
Jkl

where Z;-kl indicates the triple summation where we have excluded the term j = k = [ = 0. Inserting the
expression of a; taken from equation 6.72, this equation can be reformulated as

/
Bi+b = Blghlao, e, i) + > B;-(kll)(ao, €0, i0) o8 (Ve + Nk t)
I
=B = B (ao, eo,io) (6.73)

/

/(1)
5 = ZBJM (ao, €0, 7o)

. 0 _
sin (Vi + N6 t) (6.74)
Y nol+n%ju M M

Hence, from equation 6.73, we know (3 to first order in 7).

Let us now consider the second order terms in 7. We start again with the equation for the metric elements:

Ik, (2
ZZ Z Do o1 + A (ao, eo, io) sin (Y5 + 0Tk 1)
0 k=0 1=0

[c o Ne SlENe o]

Z Z Z ]kl (a0, €0, d0) cos (7jkl + 0% t) ’ngz
§=0 k=0 =0

Now, since a1 can be expressed as a sum of cosines (see equation 6.72) and 'Vglk;l is a sum of sines (see equation
6.74), we can reformulate the equation of cio:

. (2 . _
ay = Z Aj(”ll”l” Sin (7?//k//l// + nﬁyj”k”l” t)
G
A2

= Qg = — Z //k”l// COS ("}/Q//k//l// + 777 et t) (6 75)
oo M0 U Y o ’ !

where j”, k" and [” are integer numbers (either negative, positive of zero).
On the other hand, for the angular elements, we obtain

. dn 1d%n oB{})
Ba+ P2 = T%a25ﬁM+2d a1

5 ai 55M+B(()02](a0,eo,zo +Z o

kl 2 . _
+ E § o 5 ar + BJ(-/.:%(%? eo, o) | cos (’onkz + 105k t)
]kl «

1 . . _
- Z Bg(‘kz(ao, €o,ip) sin (V?k-z + 1% t) V;kz
kL

Accounting for the expressions of a1, az, a1 and fyjlkl, we finally obtain:

/
a 5 /(2 (2 _
BZ + 62 = B()(()Q) + Z Bjs’lz”l” Ccos (’Y?ﬂk//l// + Ny t)
j//k”l//
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=B = B3 (ao, eo,io) (6.76)
B/’(//Zk);//l//
= 62 — Z J sin ('y‘;.),,k,,l// + nﬁj//k/’l” t) (677)

gy 10 U 407 g

These results show that there is no longer a mixed term in the development of the orbital elements and we thus
obtain a more accurate development (for increasing t) than in the previous section.

There are a number of periodic terms that appear in the development. The fundamental frequencies of these terms
are n), nw, Ing + n M. At this level, we can distinguish between long and short period terms. The short
period terms result from the fundamental frequencies [ ng + n M for [ # 0. Indeed, in this case, the period is
P = l%) + O(n), which is equal to the period of the osculating orbit (! = 1) or one of its harmonics. On the
contrary, the long period terms result from [ = 0 with either j or £ £ 0. These periods are then proportional to
n~! (which is a large number since 7 is small). It must be stressed that the long period terms of order 5™ have
amplitudes of order 7"~ (due to the denominator in the expressions of 1, aa, 31 and 35 when [ or I” = 0). The
secular terms finally are ‘slowly’ changing with time since their amplitude is proportional to 7.

Again, it must be stressed that these developments are valid only over a limited interval of time. The numerical
resolution of the equations allows nowadays to achieve accuracies that are often much better than what could
be done with the analytical developments limited to a certain power of 7. However, as we shall illustrate in
the next section, these analytical developments provide a much deeper insight into the physical meaning and the
consequences of the various perturbations.

6.5 Perturbations due to J5

In this section, we shall revisit the perturbation of the Keplerian motion by the J term of the potential of a non-
spherical mass distribution. Since this is the dominant non-Keplerian term, it is of fundamental importance for the
understanding of the motion of artificial satellites.

Let us start by recalling that

R a® 3 1
! e 2
U = Jg,u—QS 3 (5 sin” 6 — 5)

with
sinf = sins sin (w + ¢)

as we have shown in Sect. 6.1.2. Thus, we obtain that

R? a® 3 1

U = Jgua—g%(i sinQising(w+¢)—§)

R? a® /3 1 3 3

— Jpue® ( sin%'——sin2¢cos2wcos2¢+sin%sinmsinw) (6.78)
a3 r3 \4 2 4 4

The potential hence depends upon three variable quantities that are (¢)*, (¢)* cos 2 ¢ and (2)®sin 2 ¢.

Our goal here is to characterize the perturbations due to J; by deriving the expression of U’ as a function of the
Delaunay elements and then injecting this expression into the Lagrange equations (see equation 6.47). We thus
have to account for the dependence of the true anomaly ¢ as a function of M. For this purpose, we will now expand

the three functions () 3, (9) % cos2 ¢ and (9) ® $in 2 ¢ into Fourier series of M following the formalism introduced

in Chapter4. In the latter chapter we have seen that the constant term of the Fourier expansion of (%)3 cos (p @)

can be expressed as
1

m (2 6p[) + 65p1)
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Hence, the constant term of (%)3 ——35v373» Whilst the constant terms of (4 ) cos 2 ¢ and (%)3 sin 2 ¢ are both

(1—e )
zero (for the latter function this result stems from the fact that we are dealing with an odd function of M). These

constant terms are important since they provide the secular perturbations as we have seen above.

On the other hand, to determine the periodic components of the perturbations, we must perform the Fourier devel-
opment of U’. Assuming that e is a small quantity (though it can be much larger than n = J3), we will expand each
of the three functions above in a series of e. Since several of the Lagrange equations (6.47) involve the quantity
% 882/’ a treatment of the perturbations up to the order of ¢” implies a development of U’ up to the order "2,
Hence, if we are interested e.g. in perturbations of the orbit up to the order of e, we actually have to develop U’ up

to e3.

Let us start by noting that

3
<a> = (I1—ecosE)2=1+3ecosE+6¢*cos’ E+10€? cos® E+ O(e?)
”

3 3

1
= 143+ 3Be+ be )COSE+3€QCOS(2E)+576COS(3E)—|—O(64)

¢ ewse = () o= (2) (3255

_, (a)5 (cos F— ¢)? — (Z)?’ =2(1—ecosE)®(cos E —e)? — <a>3

T T

= 2(1+4+5ecosE+15¢% cos> E +35¢> cos® E)(cos> E — 2e cos E + ¢?)
—1—-3ecosE—6e? cos? E — 10¢€> cos® E + O(e?)

e? e 5e 5¢ 35¢3
= (42D ) cosE4 (1426 cosRE) + [ 2F E
4+<2+ 1| cos +(14+2¢) cos(2E) + 5 T3 cos (3E)
15 ¢? 3 4
+ cos (4 E) + cos (5 E)+ O(e?)

l—ecosE 1—ecosk
= 2V1—-e2sinF(cosE —e)(l—ecosE)™
= sinE(2—-¢e*)(14+5ecosE +15¢% cos’ E + 35¢€> cos® E)(cos E — €) + O(e?)

5 35¢e3
_ <;+63) sin B + (14 2¢€?) sin(2E)+<2€+ 8e>sin(3E)

3 3 :
1— E E —
(a) sin2¢ = 2 (a) sin ¢ cos¢ = 2 ( ) ¢? sin €08 ¢
r r r

2 3

1
+ P (1B + 2% Gin (5 B) + O

We now need to develop the trigonometric functions of F into trigonometric functions of M. This can be done by
means of equations 4.4 and 4.5, that we recall here.

cos(pE) = dp1 + Z (Jr—p(ke) — Jiip(ke)) cos (kM)

“+00

sn(pE) = 3 %(Jk_p(k €) + Jeip(ke)) sin (k M)
k=1
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We also remind that Jg(z) = Y00 ™ (%)2m+5 (see equation 4.29).

m=0 ml (m+s)!

Taking advantage of the d’ Alembert characteristics and restricting the developments to powers of e such that they
yield terms up to €2 in the above expressions of (%)5, (%)3 cos 2 ¢ and (%)3 sin 2 ¢, we find that

—e 3 e? e 3e? 3
cosE = o3 + 11— 5 cos M + 5 cos (2M) + —g~ ¢os (3M) + O(e”) (6.79)
e? e 3e?
sinE = (1- 2 | sinM+ 2 sin(2M) + —— sin (3M) + O(e?) (6.80)
e3 9e3
cos (2E) = (—e + 12) cos M + (1 — e?) cos (2 M) + (e - 8) cos (3 M) + e* cos (4 M)
25 ¢
2Z cos (5 M) + O(e*) (6.81)
e3 9e3
sin(2E) = |[—e+ 5 sin M + (1 — e?) sin (2M) + [ e — 5 sin (3 M) + e? sin (4 M)
9 3
+ ‘;’: sin (5 M) + O(e*) (6.82)
2 2
cos (3E) = 3?6 cos M — % cos (2 M) + (1 - 9Z> cos (3 M) + % cos (4 M)
15 ¢
12 cos (5 M) + O() (6.83)
2 2
sin (3E) = 3?6 sin M — % sin (2 M) + <1 — QZ> sin(3M) + % sin (4 M)
1 2
+ P n (5 M) + O(eH) (6.84)
cos(4E) = —2ecos(3M)+cos(4M)+2e cos(5M)+ O(e?) (6.85)
sin(4F) = —2esin(3M)+sin(4 M)+ 2e sin (5 M) + O(e?) (6.86)
cos(BE) = cos(bM)+ O(e) (6.87)
sin(bFE) = sin(5M)+ O(e) (6.88)
Substituting these results into the expressions of (%)3, (%)3 cos 2 ¢ and (%)3 sin 2 ¢ then yields
3 1 9 3 2 3
(Z) = a e + (36+ 7;) cos M + 976 cos (2M) + pie cos (3 M) + O(eh) (6.89)
a\?® e 3 e? Te 123¢3
(r) cos(2¢) = (—2+12> cos M + (1—) cos (2M) (2— 16 ) cos (3 M)
17 €2 845 ¢
+ 26 cos (4 M) 486 cos (5 M) + O(e?) (6.90)
3 3 2 12 3
(Z) sin(2¢) = (—;—1-54) sin M + (1 — 5;) sin(2M) + (726 - 1366 > sin (3 M)
17 €2 45 ¢?
+ 726 sin (4 M) + 3 4586 sin (5 M) + O(e?) 6.91)
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Inserting these results into the expression of U’ finally yields

R? /3 1 1
r e s 2.
U = J, s (4 sin“ 4 — 2) 7(1 BPEIETE

R2[/3 5. 1
—i—JQuag{(4 sin 2—2>

97 3 2 3
<3€+78€) cosM+97€cos(2M)+538e cos(3M)]

—§s'n2' écos(Q — M)+ —f-i- ¢ cos 2w+ M)+ 1—5—e2 cos (2w +2M)
TR P “ 16 “ 2 “
12 3 2 3
Te 123c cos 2w+ 3 M)+ cos Qw+4M)+ cos(2w+5M)
2 16 48
+0(e*) (6.92)

Note that %—g = 0 in this case. If we apply the Lagrange equations (6.47) to U’, we obtain at the first order? in e
for the metric elements:

da nJ2R2 9 1 ) 3 .o.(—e . .
il " [(4 sin 2—2> 3esmM—Zsm z<2 sin(Qw+ M) +2sin(2w+2M)
2le . 9

+—- sin(2w+3M) )|+ O(e) (6.93)
de n Jy R 9 1 . . 3 . 9. (1 .
i 2 [(4 sin z—2> (3sinM +9e sm(2M))—1 sin® 1 (2 sin(2w + M)

—esin (2w +2 M) +; sin (2w 4+ 3M) 4+ 17e sin(2w+4M)ﬂ + O(e?) (6.94)

: 2

% = %smz cosilesin (2w + M) — 2 sin (2w +2M) — Te sin (2w + 3 M)] + O(e%)(6.95)

In a similar way, we obtain for the angular elements:

dQ 2 cosi 1
AL _3nJ22R;;cosl [(1_62)2+3ecosM—i—;cos(2w—|—M)—cos(2w+2M)
—% cos (2w + 3 M)} + O(e?) (6.96)
dw 3nJy R? 5 Ry nJy R? 3 .5\ (3 69e 9e 5.
n a21—62 (1 i ) 2 {{(2—4sm z) <e+8>+2COS z}cosM
1
+(—51 > (9 cos (2M) 5896 cos(3M)>+?éZsin2icos(2w—M)
3 ., (-1 Te\ 3e . 3 3.2,)
—i—[4 sin z< + 16>+ 1 cos ’L} cos(2w+M)—2 <1+2 sin“i | cos (2w +2 M)
3 ., (7 39Te\ 2le
—1—[4 sin“1 (26— 16 )—4 cos z] cos (2w +3M)
3 845 ¢ )
—1—1 sin?i (17 cos (2w + 4 M) + cosQw+5M) |+ O(e?) (6.97)
dM 3nJy R? 1 3 .5\ nhR (/1 3 . -3 87e¢
o _ o2 (22 e J(Z2_°2 2,20 M
dt "t EA e (2 i Z>+ a2 {(2 4 Z) K e T3 )COS

*Remember that a priori a development of U’ to ¢ allows to derive the expression of the perturbations to first order in e only.
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159e 3 .45 [—e 1 59e
—9cos(2M) — cos(BM)] +1 sin” ¢ {16 cos (2w — M) + (26 - 16) cos (2w + M)
—7 T6le
+11 cos(2w+2M)+<2+ 16 )Cos(2w+3M)—17c0s(2w+4M)
e
845
- 166 cos(2w+5M)]}—|—(9(e2) (6.98)

Note that the last two equations both involve terms that are proportional to 1/e. As expected from Section 6.4,
the time derivatives of the metric elements do not involve secular terms, but the angular terms contain a secular
variation.

We will now apply the method outlined in Section 6.4 to the above relations. Inserting the expansions

a = ag+Joay+ (J)ag+ ... (6.99)
B = Bo+ (J2B1+ (Jo)*Bo)t + Jo B1 + (J2)* Bo + ...
= Bo+ Lo Bt+ JofBi+ (J2)?Ba+ ... (6.100)

into the above set of equations, we find that at order zero in Ja,
ag = Cst Qo = Cst

eqg = Cst wg = Cst
ig = Cst My=mg+npt

where ng = a% Restricting ourselves to the first order in J2, we then obtain for the secular terms of the angular
0
elements
— 3ng J2 R? cosig
Jo — £ (6.101)
203 (1 3)?
_ 3ng Jo R 5 . 5.
— 3ng Jo R? (1 3 ,2_>
Jo My = — o (2 —— 6.103
2 My 20 —e22 \2 1 sin® g ( )

The secular terms J5 1 and Jo Wy correspond respectively to a uniform precession of the line of nodes and a
rotation of the pericenter in the plane of the orbit. Both effects are used for the control of the orbits of artificial
satellites as we shall see below (see also lectures on Space Exploration).

Concerning the periodic terms in Js, we find

2
Jo ddatl = nO‘iZRe {(g sin2i03> €p Sin(MO+J2Mt)
3 — _
+ 5 sin’i (20 sin (2wo + Mo + Jo (20 + M) t) — 2 sin (2w + 2 Mo + 2 Jo (@ + M) t)
2160 . _ Evi
— s1n(2w0+3M0+J2(2w+3M)t) (6.104)
d M, 3 no Jo R? [(1 3 2,) (—3 _
_ 2 fe 1713 =2 cos (Mo + Jo M t
Jo o 2 Joag + 22 5~ 7 Sin“io o cos (Mo + Ja )

— 3 1 —
—9 cos (2 My + 2 Jth)} +3 sin? g {2 cos (2w + Mo+ J2 (2w + M) t)
€0
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. 7 _
+11 cos (Qwo +2My+2Ja (W+ M) t) — SN cos (2wp +3 Mo+ J2 (2w +3M)t)
€0
17 cos (2wo +4 My +2J2 (@ + 2 M) 1) | (6.105)

Note that in the latter equation, we have omitted the terms in e since they are dominated by the 1/e and e terms.

We can now integrate the derivative of the Js a; term

2 s (M Mt
Jray = _no 2 Re [(9 sin2io—3> €o cos (Mo + Jo M)

ag no—i-JQM
+38, 5. (eocos(2wo+ Mo+ Jo (2w + M)t) cos(2wp+2My+2Jy (@ + M)t)
— sin“ip | — — - —
2 0\ 2 no + Jo (M + 2w) no + Jo (M + )

_ 2leg cos (2wp +3 My + J 2w+3M)t)
2 3n0+J2(3M+2@)

This expression can be further simplified. Indeed, since —2— = % + O((J2)?), we can write to the first order

no+0 Jo

in Jo:

JoR2 /9 —
Jray = —2—¢ KQ sin? i —3) eo cos (Mo + Jo M t)
ao

3 _ _
+ 3 sin? 4 (620 cos (2Qwo+ Mo+ J2 2w+ M)t) —cos (2wp +2 Mo+ 2 Jo (W + M) t)

—% cos (2wo +3 My + Jo (2w+3M)t)>} (6.106)

Similar expressions can be derived for the first order periodic terms of the other elements. We note that the
expression of a; only features short period terms. The same conclusion holds for the first order perturbations due
to Jo of all other elements.

In summary, the first order effect of J2 on the angular elements is the appearance of a secular variation (that drops
with distance as ag 2) and of short period variations. Conversely, the metric elements display only short term
periodic variations.

6.5.1 Applications of the secular perturbations

An important application of the secular perturbation of €2 concerns the Sun-synchronous orbits that are (essentially
circular) orbits of artificial satellites where the parameters (79 and ag) are fine-tuned in such a way that Jo
amounts exactly to one rotation of the line of nodes in one revolution period of the planet around the Sun. In such
a way, the line of nodes keeps a constant orientation with respect to the direction between the Sun and the planet
the satellite is revolving (see Fig. 6.3).

Another important application of the secular variations due to J> concerns the Jo w7y term. In fact, this term
becomes zero if sin?iy = 0.8. This trigonometric equation hence defines a critical inclination i, of 63.4°. A
satellite orbiting a planet will have its pericenter and apocenter at constant directions within the plane of the
osculating orbit. Note that the value of the critical inclination does not depend upon the value of J,. In other
words, the value of the critical inclination is the same for different planets. Practical applications of this result
are the highly eccentric Molniya and Tundra orbits that have orbital periods of 12 and 24 hours respectively. The
Molniya satellites are used for telecommunications and for military observations. Their apogees occur alternatively
(i.e. every second orbit) over the territories of Russia and North America. Since the satellites have highly eccentric
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R w 5 N 2w

N

Figure 6.3: Left: for a satellite revolving a spherical planet, Jo = 0 and the direction of the line of nodes is fixed
in space (N and N’ are respectively the ascending and the descending nodes). Right: for a Sun-synchronous orbit,
the value of Jo Oy is tailored in such a way that the line of nodes performs one rotation in the same time it takes
the planet to revolve around the Sun. In this way, the line of nodes maintains a constant orientation with respect to
the direction between the Sun and the planet.

orbits they move rather slowly when they are near apogee and the combination of their motion with the Earth’s
rotation leads to a very slow apparent motion as seen from the ground. Hence they remain visible from a chosen
area of the Earth for a relatively large fraction of their orbital period (see Fig. 6.4).

Figure 6.4: Ground track of a satellite revolving on a Tundra orbit.

For inclinations larger than ¢., the major axis will undergo a retrograde rotation, whilst it will be prograde for
1 < .
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6.5.2 Other effects of the potential of the Earth

The same kind of developments can be performed for the other zonal terms J, with n > 2. Usually, the corre-
sponding coefficients .J,, are of order (.J2)? or smaller and therefore one has to simultaneously deal with the higher
order perturbations due to .Jo. The associated potentials also produce secular as well as periodic (both long and
short term) variations.

A somewhat more complex situation is encountered for the sectoral and tesseral terms (¢, and s,,;,). They involve
indeed the functions sin (p A) and cos (p A) where A is the geographical longitude. If «(¢) is the right ascension of
the satellite at time ¢ and ¢, is the sidereal time along the Greenwich meridean at time ¢, we have

A= at) —t.

with
e = Vg (t - tO)

where vg is the frequency of the Earth rotation (corresponding to a period of 23h 56min O4sec). Therefore, these
terms introduce diurnal perturbations into the motion of an artificial satellite.

We have to emphasize once more that all the perturbations of the motion of an artificial satellite due to the non-
spherical shape of the Earth decrease with distance. At low altitudes (200 to 500 km above the ground), the most
important perturbations stem from .J5 and from the drag force of the residual atmosphere.

Finally, we stress that the notion of osculating orbits is not restricted to perturbations due to atmospheric drag and
the non-spherical shape of the planet. Any non-Keplerian force can be dealt with in this way as illustrated by
Fig. 6.5 that shows the effect of the ionic propulsion system (that was active over a major part of the spacecraft’s
journey) of the Smart 1 probe.
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Figure 6.5: Illustration of the osculating or-
bit of the Smart 1 probe as it approached the
Moon. In this specific case, the force P was
due to the ionic propulsion system.
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6.5.3 The interior structure of celestial bodies

By using the theory of perturbations of a Keplerian orbit developed in this chapter, it is possible to constrain the
values of the moments of inertia of a celestial body. Indeed, measuring the trajectory of a spacecraft orbiting
a planet, moon, asteroid or comet and comparing this orbit to the theoretical predictions allows to determine a
posteriori the various terms of the gravitational potential (J2, Jy,...).

Why is this of interest? The reason is that the knowledge of the moments of inertia provides some characterization
of the internal distribution of mass that goes beyond the mere information of the mean density.

Consider a uniform sphere of radius R and mass M. The moment of inertia (see Sect. 5.5) about an axis of symme-
try is 0.4 M R2. Planets and, even more so, the minor bodies of the Solar System are not perfectly spherical. Most
planets are indeed flattened by rotation and display a roughly ellipsoidal shape. This means that their moment
of inertia about the rotation axis (Z.) is larger than the moments (Z;, and Z,,) about the other two axes. The
difference 27, — 1,y —Tyy =2 Jo M Rg (see eq.5.27) is an indication of how much excess mass is concentrated
towards the equator.

From equation 5.20 and restricting ourselves to the .J, term, we obtain:

2
v M GMR@JQ( sin 9—1) (6.107)

T r3 2

This expression of the potential is valid in an inertial frame of reference. If instead, we treat the potential in a
frame of reference rotating with the planet (e.g. by treating a point at the surface of the planet), we need to correct
the above expression by subtracting the potential associated with the centrifugal force: % w?r? cos? 6.

We thus obtain )
G M G M R: 3 1 1
U=— € J (fsm 0 — =) — -w?r? cos’f (6.108)
r 73 2 2
For a fluid planet, the potential has the same value all over the planet’s surface. This property then allows us to
predict the actual shape of the planet. If we call R, and R,, the radii at the equator and at the pole, we can express

the flattening of the planet as

R — R,
I="m =
Hence the flattening f is essentially equivalent to the ellipticity of the spheroid € (see also equation 5.37). As a
next step, we then express the condition that the potentials at the pole and near the equator have the same value.

This leads to an approximate expression for f:

3 1 w? R}
J2+2 GM
~ 272 2 GM 6.109
f =3, ( )

which, considering the numerical values of the terms in the denominator, can usually be further simplified into

3 1 w?R3

f~ B Jo + S M

which is equivalent to equation 5.43. Assuming a fluid Earth, we can use the numbers in Table 5.1 and w =

7.272 x 107° s~ to compute the Earth’s flattening as f = 3.346 x 1072, This number is in excellent agreement

with the observed value f = 3.353 x 10~3 (World Geodetic System 84). Therefore, the fluid approximation seems
acceptable to describe the Earth’s interior.

By means of the theory of hydrostatic planets or from the knowledge of the rate of precession (see chapter 8), we

can eventually express the ratio between T, and M R2. For the Earth, this ratio amounts to 0.3308, which is less

(6.110)
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Figure 6.6: Illustration of the current theoreti-
cal view of the interior of Jupiter: the planet is
thought to have a rocky core surrounded by a
deep layer of metallic hydrogen and an outer
layer of molecular hydrogen.

than the value of a uniform sphere (0.4), indicating a concentration of mass towards the center of our planet. This
so-called differentiation is observed for most planets and moons in the Solar System.

The measurement of the gravitational potential of a celestial body hence allows us to get important constraints
about its internal structure. Simple two-layer body models consisting of a mantle and a core can be constrained by
this method. There are several unknows to determine: the core and mantle densities as well as the core radius. In
general, one needs to adopt one of these parameters and derive the other two. More complex theoretical models
of planetary formation predict the existence of several layers in the planetary interior. These models can also be
tested against the observational determinations of the moments of inertia.

6.6 Exercises

6.1 Express the perturbating potential U = 7/r? in terms of the elements of the osculating orbit. Limit the
periodic terms to e3, but keep the full independent term of the expansion to show that:

27 ¢3 2 ’
U — Ui [(1_62)3/2+ <3e+786> CosM+976COS(2M)+536

a3

cos (3 M) + O(e?)

Insert this expression into the Lagrange equations 6.47 to establish the equations of the perturbations of the
elements of the osculating orbit, keeping for each Lagrange equation the three most significant orders in e™
for the periodic terms.

Suggestion: use (but do not demonstrate) expression 6.89.

6.2 Express the Lagrange equations for the independent term in J3 of the Earth’s potential:

_ 3

Us 2at

5 e
3 . . . 9.
R J3 SN W S1117 (4 S 17— 1) m

Under which circumstances do the secular perturbations of 2 and e associated with the .J3 term cancel out?
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6.3 Considering the perturbations due to the .J, term, compare the values of the critical inclinations for Molniya-
type orbits around the planets Earth and Mars. Compare also the inclination required for a circular heliosyn-
chronous orbit at an altitude of 1000 km above the surface of either planet Mars or planet Earth.
Suggestion: use the parameters quoted in Tables 5.1 and 2.1 (pay attention to the units!). Use equations 6.101
and 6.102, but do not re-demonstrate these equations.

6.4 Show that the independent term of the geopotential in .J3

_ 3

U-
57 944

)
R3 J3 sinw sini (4 sin? i — 1> (1_%

gives rise to a long-period perturbation of the eccentricity of the orbit given by

where w = wg + w7 Jo L.

Express the period of this perturbation. What are the values of this period and of the amplitude of the per-
turbation for a satellite orbiting the Earth with ag = 8900km, eg = 0.2, and ¢ = 35°?

Suggestion: use the values from Table 5.1 along with the Lagrange equations 6.47 and use also equa-
tion 6.102, but do not re-demonstrate it.

6.5 Consider an artificial satellite of mass m orbiting the Earth. The Earth is assimilated to a sphere of radius
R and mass M, surrounded by an atmosphere of density p(r) = po exp [~k (r — ro)] with k, po, ro being
positive constants. The drag force experienced by the satellite is F' = —b p(r) |7| 7.

Use relations 6.24 and 6.25, to express the time derivatives of the distance at perigee 7, and apogee 7.

T drg
dE as a

Using the fact that % = %n with E the eccentric anomaly, and n = \/C’;—gM, express Lfi—Ep and
function of the elements of the osculating orbit and of F.

6.6 Consider the J, term of the geopotential. Using the relation sin § = sin sin (w + ¢), show that the potential
per unit mass associated with Jy for a satellite in orbit around the Earth can be expressed:

R? ® 1105 35 35 15
U = GMJ4G—§ <z) [64 sini — 16 sini cos (2w + 2 ¢) + 61 sini cos (4w + 4 ¢) — r sin?

8

Here 6, ¢, w and ¢ are the instantaneous latitude of the satellite, the inclination of the orbit with respect to
the equator, the longitude of perigee and the true anomaly, respectively.

15 3
+ < sin’ i cos(2w+2¢)—|—]

Using the fact that
1 /27 fa\" 1 3e? 3e3 3e? e3
2 (3) e = [25%0 (g ) B =) 75 dn b O

compute the independent term of U’. ‘
Finally using the Lagrange equations 6.47, establish the secular term of {2 for the potential associated with
Jy.

6.7 Consider a satellite orbiting an idealized planet with the shape of a spheroid of ellipticity €. The orbit is
located in the planet’s equatorial plane and is almost circular (e << 1) with a semi-major axis a. The
potential experienced by the satellite can be expressed as

Vir)= oM <1+€R2>

r 5 r2
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Show that the major axis of the orbit precesses with time at a velocity

dw 3¢ R?

dt 5 a?

where n is the mean orbital angular velocity of the satellite.
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Chapter 7

The N-body problem

In this chapter, we consider the problem of the motion of N spherical or point-like masses that form an isolated
system (i.e. there are no external forces acting on the system, the only forces are internal and arise from the mutual
gravitational effects). We shall label these masses as my with k = 0, ...,n (where n = N — 1) and their positions
are given as OP,, with respect to the origin O of an inertial frame of reference. Newton’s equations for this system
can thus be expressed as

2o0P, "emim; - " Gmpm; -
mp g = Y e PP Y e PP (7.1)
¢ i=0 |PkPi| i=k+1 |PkPi’

This problem does not have a general solution. In fact, the resolution of these equations requires the knowledge of
6 x N constants of integration. However, as we will show below, there are only 10 classical integrals that can be
defined for the general problem formulated by equation 7.1.

In this chapter, we will therefore focus on some particular solutions as well as on situations that can be reduced to
a two-body problem with some perturbations reflecting the action of the other masses.

7.1 Integrals of the equations of motion

The very first integrals to consider concern the uniform velocity straight-line motion of the center of mass C' of the
system. Indeed, since there are no external forces acting on the system, its center of mass follows a straight-line
motion at a constant speed.

) i

k;) g T

d20C

(Em) £
<k:0 dt2
OC(t) = OC(ty) + Vot (7.2)

The latter equation involves 6 scalar constants (the 3 components of two vectors), hence reducing the number of
independent variables from 6 x N to 6 x (N — 1). This is somewhat equivalent to a N — 1 body problem. In
practice one could use the center of mass as the origin of the inertial axes and solve the equations of N — 1 bodies
(m1 to my_1) and eventually derive the position of the last body from my C_Po =—->mr,m Cj%
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The next quantity that is constant as a function of time is the total angular momentum. Indeed, since there are no
external forces acting on the system, and since the moments of the different gravitational forces compensate each
other by pairs, we can write

" - dQO_Pk i szmk
> mp OP A 5 = SN oPn = N PP
k=0 k=0 i#k k i
" Gm m
= Y S (0P + PPN 2 ngkPZ-
k=0 ik | PP
n
G L
= -Y > oAt P =
k=01i#k P k: Pl
L d dOP, .
<ZOP]€ mi d k) =0
k=0 ¢
L dopP, -
> 0P, Amy, = Cst (7.3)
k=0

Since the center of mass is the orgin of an inertial frame, we can also express the conservation of the angular
momentum if the positions are measured from the center of mass:

dCP,
dt

S OB, Amy, =h (7.4)

k=0
Finally, we can express the conservation of the total energy of the system (again this stems from the fact that no
external forces act on the N-body system). Let T be the total kinetic energy. We thus obtain:

dT " dOPk d2073k
P S
d P iy -
k= Oz;«ék |PPP
b P, i -
= Z Z dO - dgt )'Grﬁin;kpkpi
k=0 i— k+1 | P P

" de_’P- Gm; my

= _Z Z dt ’ . PkH

k=0 i=k+1 | P P53
n
Z Z szmk
dt( =k+1 |PkP| )

d OPk

s

In the latter relation, the potential U can be expressed as either of the two forms:

(Z 2": szmk) :_722szmk

k=0i=k+1 | PP k=0 i#k | PP

" Gm;my
& (7.5)
(Z 2 | Pe P )

k=01i=k+1
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Again, we stress that the N-body problem does not have a general analytical solution. Usually, the equations
(7.1) are solved numerically. Nevertheless, the above integrals of the motion are important to check the impact of
the error propagation on the results of the numerical integration. Indeed, we know that the solution must satisfy
to equations 7.2, 7.4 and 7.5 and the comparison between the results of the numerical resolution of Newton’s
equations (7.1) and the value of the integrals of the motion is therefore a fundamental test of the validity of the
solution.

7.2 The relative motion

As we have seen above, the N-body problem can be somewhat simplified by accounting for the integral of the
motion related to the center of mass C' and by expressing the equations of an N — 1 body problem. Let us thus
express the positions of the various masses with respect to C:

iy = CPy
=y == ) i
k=1""0
Newton’s equations can now be expressed as
d? uj, uy — U, i w; — U,
o M aptC L M
0 k ’L*l,’bfk' (2 k
or )
d= uj -
mp —— =—Vi U (7.6)
dt?
7 U = (90U 9U 0U — _ywn-l Gm;m;
where Vk U= (8mk’ Oy’ azk) and U = =0 Zz =j+1 [(wi—2)2+(yi—y;)2+(zi—2; )2]1/2

It is often more advantageous to express the equatlons not with respect to the center of mass, but with respect to
one of the masses mg (which we usually choose to be the most massive one).

i = PPy = uj, — up

Newton’s equations can now be expressed as

d%ry, B Z Gm ZG
2 - 17 — 7213
dt 1=0,1#k ’7’1 T’k‘ =1
Ao i
= -G (m0+mk |_,|3 + Z Gm; |T‘ — |3 — |’F|3 (7.7)
i=1,i#k v k v

The first term on the right-hand side of equation 7.7 reflects the pure Keplerian acceleration experienced by mass
my, from myg, whilst the sum reflects a differential acceleration due to the other masses of the system. As we shall
see hereafter, this formulation of the equations of Newton opens up the possibility to treat the effect of the other
bodies on my as a perturbation with respect to the effect of mg. This result can also be expressed as

d27“_];_ G (mo + my) v
dt? K

where Vk; = Z?Zl,i;ﬁk’ sz (% — @)

+ Vi Vi (7.8)

[Fi—ril |7
Note that the Vj, potential is a different function for each mass mj and hence it does not allow to construct a
Hamiltonian for the global problem.
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7.3 The 3-body problem

As an illustration of the N-body problem, let us consider here the case where N = 3. We can express Newton’s
equations as

d?r 71 T2 — 71 73
— = -G — + G - 7.9
v (ma-+m) o + G (12— 1) 79
d? 73 79 71— 79 21
— = -G mo) —= +Gm — 7.10
i o+ ) s+ 61 (=55~ ) 710

As an example, we consider the case of the Earth’s motion around the Sun accounting for the influence of Jupiter,
the most massive planet of the Solar System. In this case, the indices 0, 1 and 2 refer to the Sun (©®), the Earth (&)
and Jupiter (%) respectively.

d2r_é % Ty — g o, .
a Ot e = Gy <|ra—rg|3‘|ra|3 -7

P Sun
Jupiter i 5

Earth .

Figure 7.1: Schematic illustration of the 3-body interaction between the Sun, the Earth and Jupiter. Note that the
vectors, the distances and the dimensions of the different bodies are not to scale.
- - 3 N

Here, P is the perturbation of the Keplerian acceleration 7 = —G (mg + mé) % ‘P consists of two compo-
nents, P; which is the acceleration of the Earth due to the attraction of J upiter and P, which is the opposite of the
acceleration of the Sun due to the attraction of Jupiter. The sum of these two vectors yields P which must then be
compared to F (see Fig.7.1).

We can now consider two extreme situations to evaluate the order of magnitude of P. If we assume that the
configuration of the three bodies is such that the distance between the Sun and Jupiter is equal to the distance

— T —

between Jupiter and the Earth (the three bodies form an isosceles triangle), we obtain that |P| = %|P2| =

Gm T . .
5. Hence, we find that in this case

%

= 3
Pl my (78
|F|  me +mg \ry
The Sun’s mass is equal to 1.989 1033 g, whilst the Earth’s mass is 5.976 1027 g and Jupiter is 317.8 times more
massive than the Earth. The mean distance between Jupiter and the Sun amounts to 5.203 AU. Hence, the above
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ratio becomes % = 6.8107%. If we repeat the same reasoning for a configuration where the three bodies are
aligned (the Earth being between the Sun and Jupiter), we obtain that % = 1.88107°. We conclude that on
average

@ ~107°

|7
We can perform a similar calculation to evaluate the impact of the Moon’s differential attraction on a satellite in a
geostationary orbit (radius of 42160 km). Noting that m / mg = 0.0123 and the Moon’s distance from Earth is
380 000 km, we find that the perturbation is of the same order of magnitude as the one due to Jupiter on the Earth’s

motion.

7.3.1 The Lagrange solutions of the 3-body problem

Unlike the general N-body problem, the 3-body problem has some analytical solutions. These are known as the
Lagrange solutions and lead to the so-called Lagrangian points in the case of a circular restricted three body
problem (see Sect. 7.3.2). For now, we consider that the three masses mg, m; and ms have arbitrary values (this
assumption will be changed in the next subsection). In this case, Lagrange considered two particular configurations
of the three masses where the equations of the problem can be solved.

Figure 7.2: Schematic illustration of the axes used
for the Lagrange solution of the three-body problem.

Consider a situation where mg, m1 and ms occupy the summits of an equilateral triangle, |r1| = |r3| = |r3—71| =
T2, inside the orbital plane of m; around my. In this case, the projection of equation 7.10 onto the axes of the system
(see Fig.7.2) yields:

T2 2 T2 T2 7'-2
Y2 = r% 5 5 )=

Therefore, the equations of the problem reduce to those of two decoupled equivalent two-body problems:

d?r 71
dt21 = -G (m() +mi + mg) _,1

i (7.11)
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a7 G (mo + my + ma) 2 (7.12)
— = —G(mo+m1+m2) 5= .
dt? 0T TR

From these considerations, it becomes clear that, provided that we have |F1| = |r"2’] and 77 A 75 = 7% A 7% at time

t = 0, m; and my actually describe conical trajectories of the same eccentricity, the same semi-major axis and the
same focus (my), but rotated by 60° with respect to each other (see Fig. 7.3 for the case of an elliptical orbit).

i Figure 7.3: The Lagrange solution of the 3-
'i body problem in case of an equilateral trian-
.’I gular configuration (shown here at three dif-
; ferent phases of the motion).

e

Another set of solutions is obtained if we consider that the three bodies are aligned. This can be expressed as
ro = £ 71 where £ is a constant. In this case, the equations become

d2r E-1 7 & n
T = Cmerm) G Gm (e e ) 7
d?r3 & n §—1 7“1 71
_ B 7.14
dt?2 G (mo +m2) {773 %*Gml(g 13 73 ﬁ) 719
E—1 n £ ﬁﬂ
— _ i ML N 7.15
§|: G(m0+m1)r%+Gm2 <|£ 1|3 7‘% |§|3 T,ﬁf ( )

where the last equation (7.15) stems from the fact that ¥ = £r7. This relation can then be translated into a
condition on the parameter &:

_ 3 _
(&) =mo+m1 +ma <§+1§>—1<m0+m2+m1|§ (1— L 5)):0 (7.16)

ISR LA S § [1—¢?

The function f(§) is illustrated in Fig. 7.4. As we can see from this figure, (&) has three zeros, one in each of the
domains ¢ < 0.0, ¢ €]0.0,1.0[ and & > 1.0 respectively. Therefore, provided that we have £277 A 77 = 75 A 75
at time ¢ = 0, these Lagrange solutions are such that 7, and my actually describe coplanar and homothetic (with
the factor &) conical trajectories around the same focus (mg, see Fig.7.5 for the case of an elliptical orbit with
0<&<).
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= | N ] Figure 7.4: The function f(£) in the case
I Vo 1 where mg = 800, m; = 200 and ms = 1.
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Figure 7.5: The Lagrange solution of the 3-
body problem in case of an aligned configu-
ration.

7.3.2 The circular restricted 3-body problem

A particular situation arises if we consider the 3-body problem (equations 7.9 and 7.10) in the case where mo <<
min (mg, m1). Under this assumption, we are dealing with the restricted three-body problem, where we can now
assume that the orbit of m; around my is not affected by mg. Indeed, equation 7.9 reduces to the pure Keplerian
formulation of a two body problem.

In this subsection, we consider the particular situation where m; revolves around mg on a circular orbit of radius
a1 (this is the so-called circular restricted three-body problem). The angular velocity of this circular motion is

then given by ny = 4/ G(mgijml) Let €, be the unity vector perpendicular to the plane of the motion. The angular
1

velocity vector can thus be written 0= nq €. Since my << min (mg, my), Newton’s equation for the motion of
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my is given by

d?r% 79 1 —T9 2
= —Gmog——=+Gm —
ar2 TP 1<|rz—ra|3 |ﬁ3)
- (Gm Gm 179
_ v( 0o, Gm _m1G132)
T9 ‘T‘l—T2| aj

We can express this equation in a non-inertial frame of reference (€, €;, €2) centred on P and rotating with
the motion of m;. Here €; is chosen to be the unity vector along the direction of 7i. The absolute acceleration
(expressed in an inertial frame of reference) is then related to the relative acceleration (in the rotating frame of
reference) by:
d?ry 6213 =~ 0r3 = =
2= 220N 240N (OAR)

a2 5t2 5t
We thus obtain:
5275 073 9 73 ri — 79 r1
— 12 N\ — TN NTR) = =G — +G —
52 +2ni € 50 +niésN(€LNT3) mo |772|3+ m (]ﬁ—?’é|3 |7“_i|3>
- (G G e
N V( mo _’ml_’ mlGT13T>
9 ’7’1 — 7"2‘ aj
Now, if we project this equation on the x, y and z axes, we find:
0o (G G 172
Fo2my = ( o T —mlG”;>+n3x (7.17)
Ox 79 |/ — 73| ay
0 (G G 172
j+2mi = ( oy M —mlGrlJ>—|—n%y (7.18)
Oy 79 |1 — 73| ay
0 (G G SRED
5 = ( LU L(0 —mla”;> (7.19)
0z 79 |/ — 73] ay

where &7 = (i3, 7) and 222 = (i, 9, 2).
The right-hand members of equations 7.17 — 7.19 can be expressed as the gradient of the so-called Roche potential

G mo Gmy T oni o,
e G =+ L
Vrz+y2+22 0 (a1 — )2+ 3%+ 22 m a%+2($ )
Since &7 — _mang_ the Roche potential can finally be expressed as
a? mo+m1 p y p
Gmo | G m L ( m >2+ 2 (7.20)
= —_— r— ——2a .
Vaz+y2+22 0 o —2)? +y2+ 220 2 mo+my Y
From equations 7.17 — 7.19, we thus infer the following important result:
1
5 (#+2+22) =2 -Cy (7.21)

C} is called Jacobi’s integral and is a constant as a function of time. Equation 7.21 implies that ® must be larger
than C'; for a motion to be possible. We finally note that the Roche potential can be written in a more symmetrical

form by adopting the notations pg = /22 + y2 + 22 and p; = /(a1 — )2 + y% + 22

1 2 1 ? 1
=nfad {|—0 (=40 L[ —3<z2+m°m12a%> (7.22)
mo+mi1 \po 2ay mo+m1 \p1 2a3 2a3 (mo + mq)
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[T LI — LI — LI — LI — I [T T LI — LI — T I
2+ s 2+ s
1F s 1F | s

/"’ i
L 4 L / 4

§ ol ] < ol ]

NS 0 N 0

> r b N r b

L 4 L A"\ :
—2 | —2 _
i | i | \ |
T U RN N ol e TN I Y A N T ! A R R N RV 5 A T S
-2 -1 0 1 2 -2 -1 0 1 2
x/a, v/a,
£ I l T T T ‘fJ I f ]
2 _
1+ _

T oL _

N 0 :

N [ T "

r 1 Ls
-1 —
-2 —
C | P Tl ]
-2 0 1 2

x/a,

Figure 7.6: Top left: section of the equipotential surfaces of the Roche potential (expressed as %) formg =4my

CJ > equal to 1.46, 1.60, 178 1.90, 2.10, 2.30

1
and 2.50. Top right: section of the same surfaces but in the plane x = 0. Bottom left: section of the same surfaces
but in the plane y = 0. Bottom right: schematic view of the location of the Lagrangian points of the Sun - Earth
system.

by the plane z = 0. The various contours correspond to values of

For a given value C'; of the Jacobi integral, the motion is only possible over those parts of space where ® > C';.
The sections of the equipotential surfaces of the Roche potential by several planes are shown in Figure 7.6. First of
all, we note that the surfaces & = C'; are symmetrical with respect to the zy and xz planes. Near mg and m1, the
contours are essentially spherical or ellipsoidal and they deform into a drop-like shape as one moves away from

mg or m1. The equipotentials are contained within the cylinder of equation n? {(w — m:}rml al) + y2] =2Cy
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and they reach this cylinder asymptotically for z — oo. Therefore, for large values of C; and at large distance
from the masses, the equipotentials tend towards a cylindrical shape with a symmetry axis! parallel to €.

One important feature is the existence of five so-called Lagrangian points or libration points that are points of
relative equilibrium given by V® = 0 (see below). These points are seen as intersections of contours (L1, Lo
and L3) or minima of ® (L4 and L5). The Lagrangian points correspond of course to the particular Lagrangian
solutions of the restricted 3-body problem that we have discussed in the previous section. In the circular case, the
conicals found in Sect. 7.3.1 reduce to circular trajectories and the Lagrangian points represent these circular orbits
in the frame of reference rotating with Po_Pl.

The coordinates of the Lagrangian points are solution of

a® _  _ Gmox _ Gm (z—a1) 2 o m _
or [12+52+z2]3/2 [(alfx)§+y2+22}3/2 +ny (@ mo+my 1 =0
=& N o moy o m1y 2 _
Ve=0=93 % = “@rp+a0? (el P T MY =0 (7.:23)
o . Cgmo z o Gmyz
0z [12+y2+z2]3/2 [(a1fx)2+y2+22}3/2 -

From the third equation hereabove, it follows immediately that the Lagrangian points are all located in the orbital
plane (z = 0). The second equation then leads to two possibilities: y = 0 or y # 0. In the first case, we are left
with the following equation

—Gmoz  Gm (x —aq)

2 ma
o =0 7.24
EE w—ap <$ ) (7.24)

From the definition of n; and taking x = £ a;, we thus obtain

mo 13 my §—1 ( mi )

LU —(e- ™ Y=o 7.25
7€) mo+my |E3 mo+my |€—13 mo + m (7.25)

2 T T T T T T T T T T T T T T T T T T T T
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Figure 7.7: Left: the function f() in the case where my = 4m;. Right: zeros of f(&) as a function of the

— mi
parameter € = oty

IThis result arises from the centrifugal force that introduces a term proportional to 2% + y2 in the Roche potential.
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This function is shown in Fig.7.7. As we can see this function has three zeroes. The corresponding Lagrangian
points L, Lo and L3 are located along the axis of the system (since ¥ = 0 and z = 0).

For y # 0, we obtain

_ Gmo _ Gm1 +n2_0
22+ [ — )P g2 T

which then leads to

(x—a)’+y* = af

2 2 2
> +y = aj

The last two Lagrangian points, L4 and Ls, are thus located at z = a1 /2 and y = i@ ai.

Stability of the Lagrangian points

Let us now consider the stability of these Lagrangian points. For this purpose, we call (xg, yo, 0) the coordinates
of any of the five points L; and we assume a small perturbation such that

r = xg+0x
= Yyo+0oy
z = 0z
From equations 7.17 — 7.19 we infer that
i} * o >0 * o ,
0% = 922 ox + 9z 0y oy + 9205 0z 4+ 2n1 0y (7.26)
>’ o 9> o >
0y = 4] 0 ——— 0z —2mnq 04 7.27
4 Ox dy T Oy? y+8yaz Foemor (7.27)
20 20 20
0z = 0 or + 0 oy + 0 6z (7.28)

Ox 0z Oy 0z 022

All the partial derivatives in these equations being evaluated at L;. Since z = 0 at the Lagrangian points, we find

that g; g; = E‘?j g’z = 0. On the other hand, at L; we also have

0’ ® G G

=— mo__ m =\ <0

922 22+ 232 [(ay — 2)2 + y23/2

Equation 7.28 thus reduces to
03+ A\62=0
which leads to
dz = Zy cos (At) + Zy sin (A t) (7.29)
Hence the Lagrangian points are stable against a perturbation along the z axis.
Now, introducing the notations u = %1‘21’, v = gj g and w = %2;1’, and testing solutions of the type dx =
Y Y

X exp (at)and 0y =Y exp (at), we then obtain

a?—u —v—2n1 o X 0
( V420« a? —w Yy )] \o0 (7.30)
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This system of linear equations admits a solution different from X =Y = 0 only if the determinant of the matrix
of the coefficients is zero:

= (@ —u)(a®—w)— (v+2n1a)(v—2n1a) =0

This condition leads to

ot (4n? —u—w)a? 4 (uw —v?) =0 (7.31)
For the first three Lagrangian points one finds that u = 2@@“ + ‘Qxfanf ‘13 +n? =222 4+n? >0,v=0and
w = —G|;|r§° — ﬁ% +n} = —A% + n3. It can be shown that w < 0 in each of the three L; i = 1,2, 3 (see

Fig.7.8). Hence uw — v? < 0 and equation 7.31 admits two real solutions for o that have opposite signs. We
therefore conclude that there exists a positive value of « and thus the equilibrium is unstable.

=
\ Figure 7.8: The quantity —w is shown as
e i : function of = moﬁl}ml = l%rq at the three
I i 7 linear Lagrangian points Lj, Lo and L3. As
‘% " 7 one can clearly see, w < 0 for every possible
R 7 value of ¢ = 20,
B . L |
S .
I I | ‘ I I | ‘ I | ‘ I I | ‘ I I |
0 0.1 0.2 0.3 0.4 0.5

e =m,/(m, + m,)

(mp —my) % and w =  n?. Inserting these results

w
»lk%
W

For the L4 and L5 points, we obtain that u = % n%, V=

into equation 7.31, we obtain
27 4 mi1 myo

4 2 2
a+nja’+—n;———==0 7.32
1 4 1 (m1 + m0)2 ( )

which leads to
A=ni—o7pt L0 7.33
1 1 (7711 + m0)2 ( )
)

2= _MEVe ;t VA (7.34)

The latter equation yields purely imaginary solutions for « provided that
0<A<nf

If we define ¢ = mg/m; > 1, this condition translates into a constraint on ¢. Indeed, the criterion on A is met
for ¢ > (25 + v/621)/2 = 24.96. In this case, the triangular Lagrangian points are stable equilibrium positions.
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It has to be stressed that while L4 and L5 correspond to local extrema of the potential ®, their stability is actually
the result of the action of the Coriolis force.

There are a number of situations inside the Solar System where this stability condition is fulfilled: e.g. the Trojan
asteroids in the Sun - Jupiter system or the satellites Telesto and Calypso that are located at the triangular La-
grangian points of the Saturn - Thetys system (the same is true for the moons Helene and Polydeuces that occupy
the L4 and Ls points of the Saturn - Dione system).

For values of g smaller than 24.96, L4 and L3 are unstable.

Orbits around stable L, or L5 points

Let us assume that g largely exceeds the critical value 24.96, so that

1
£=—— << (25.96)"1 =0.0385
1+4¢

Equation 7.32 can be reformulated as
4 2 9 27 4
a” +nja —i—znls(l—s):() (7.35)

Since, we are in a situation where the L4 and L5 points are stable, equation 7.35 admits the two negative roots

o2 o TMEEMVI-2T 0y {—11(1—276” (7.36)
2 2 2
which in turn lead to the four purely imaginary solutions for c:
3Vv3

« = 50 £ 1 (1.37)

27 27
a ~ i1/1—6n1j2<1—€> 1 j (7.38)

4 8
where j is the imaginary unit (2 = —1). The former two solutions correspond to a long-period oscillation, whilst

the latter two oscillations occur on a period that is only slightly longer than the orbital period of m; around my.
The amplitudes along the = and y axes, associated with these solutions must obey equation 7.30. Let us now
consider a system of axes =’ and ¢/, centred on L, and rotated by —% (=30°) with respect to the z, y axes (see
Fig.7.9)>. We thus have that

X\ [ V32 1)2 X'
(¥)=( ) (% o
which leads to
a2 - 2n —3V8p2(1—92)—2mya \ [ V3/2 1)2 XN (0 40
—3Y3 2 (1-26) +2n1 0 042—% ~1/2 V3/2 Y’ 0 .
We thus derive the relation between the X’ and Y’ parameters:
2 2 2
<\é§a2—3f€n%+n1a> X'—i—(O;—S;ll—i—nga—\/gma)Y’—O (7.41)

20f course the same development can be performed in Lj rotating the axes by 5-
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Yy
"""" 1
o s Figure 7.9: The system of axes 2’ and 3’ rotated by
’ ’ ‘ an angle — & with respect to the conventional = and
; y axes. The 2 axis is tangent to an imaginary circle
O of radius unity centred on myg, whilst the " axis is
' 0 A X along the direction of the radius of the circle.
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For the low frequency terms, o ~ +32 ‘é@ n1 j and restricting ourselves to the dominant terms (remembering that
€ << 1), we thus obtain
Y ~+vV3ej X'

The two long-period oscillation modes hence combine into

3V3
6z’ = XJ, cos [25 nit— Q)lp]

and

33
5y = —v/3¢ X}, sin [ it @lp]

where X l’p and @, are set by the initial conditions. This so-called libration motion has a much larger amplitude
along the tangential direction than along the radial direction.

For the high frequency terms, o ~ ( 1- %) n1 j, we find that (again restricting ourselves to the dominant terms)
Y/ ~ iL‘XI
- 2

These oscillation modes hence combine into

27¢
S’ = X;p cos [(1 — 8) nyt— ‘Dsp]

and

X 27
0y = —% sin Kl — 8E> nit— @sp}

where X ;p and @, are again set by the initial conditions. When expressed in the non-rotating inertial frame
of reference, the short-period oscillations yield a roughly elliptical motion of mso about mg, with the major axis
slowly precessing at the rate %7 EMN.
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Orbits around the linear libration points

The fact that the libration points L, Ly and L3 are intrinsically unstable does not necessarily imply that there exist
no solutions for stable orbits about these points. Indeed, if the initial conditions are appropriate, the amplitude of
the unstable exponential component of the solution vanishes and one is left with a stable solution. The trouble
is that any small perturbation due e.g. to a slight eccentricity of the orbit of m; around myq or to the influence of
other masses in the Solar System will eventually produce a non-zero amplitude for the real and positive root of
a. Therefore, without any external force that could compensate this instability, the orbit of mqy will eventually
become unstable even if it was originally stable.

Let us first re-express equations 7.26 - 7.28 in the case there is no external force acting on my:

6 —2n1 6y — (2N +n?)dx = 0 (7.42)
Sij+2n16c+ (N2 —n3)dy = 0 (7.43)
§54+ N0z = 0 (7.44)

As stated above, the last equation yields a stable solution:
8z = Z cos(\t + &)

For the first two equations, we consider that the initial conditions of the problem are such that the only re-
maining solution is the pure imaginary root for . Therefore, we now consider a solution of the kind §z =
R{X.: exp[j (wt+ ¢o)]} and oy = R{Y. exp [j (wt + ¢0)]}, which yields

—(W?+22%2+n?) —2njwj X 0
. 2 2 2 = (745)
2nywj —(w*+ny— A% Ye 0
The latter system implies
W+ (A =2n) W+ (nf 02N -2 =0

, A9 —8nf - N2+ 2nf (71.46)

w =
2
There further exists a relation between the amplitudes of the motion along x and y:

—(W?+nf-N)jY.
2n1w

A positive solution for w? is

X.=

w2+n¥—)\2
2n1w

Thus we see that 0x = X sin (wt + ¢p) and 0y =Y cos (wt + ¢p) with X =

Hence, in this solution, the test mass moves on an ellipse in the (z,y) plane centred on the libration point with
a frequency w and oscillates with a different frequency A along the z direction perpendicular to the plane. The
combination of these two motions yields a so-called Lissajous orbit. A priori, the values of Z and Y are arbitrary,
although they must be sufficiently small for the linearization of the equations of motion to remain valid.

As stated above, any small perturbation will render this solution unstable. For spacecraft moving around the L;
or Ly points (see lectures on Space Exploration), one can actively compensate this instability by applying some
modest corrections using the propulsion system. Let us re-express equations 7.26 - 7.28 with the presence of an
external force F':

0k —2n10y — 2 N2+ nd)dx = F, (7.47)
§j+2n1 68+ (N2 —n)dy = F, (7.48)
634+ N6z = F, (7.49)
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Table 7.1: Properties of the Lissajous orbits around the L; and Lo points of the Sun - Earth and Earth - Moon
systems.

ny Ani w/ni XY

(rad/day)
L; (Sun - Earth)  0.01720 2.015 2.086 0.310
Ls (Sun - Earth)  0.01720 1985 2.057 0.314
L, (Earth - Moon) 0.22997 2.269 2.334 0.279
Ly (Earth - Moon) 0.22997 1.786 1.863 0.349
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Figure 7.10: Projection of the Lissajous type orbit around the Sun - Earth Lo point into various planes. The cross
at the center of each image yields the position of Ly. The orbit is shown for Y = Z = 100 (in arbitrary distance
units) and for a time interval of 10 years.

It can be shown, that the orbit can be stabilized by choosing F,, = —c; 0% — (2 A +1+ c2) 0z, Fy = 0 and
F,=0,withc; > 0and cy > 2.

The view of the Lissajous orbit in the (y, z) plane (see Fig.7.10) shows the situation as seen from Earth. In some
cases, e.g. orbits around L; of the Sun-Earth system, it is important to avoid that the spacecraft’s projection on
the sky gets to close to the projection of the Lagrangian point (e.g. for telecommunication purposes). In these
situations, one implements an avoidance zone around the projection of the libration point and an impulsive control
of the z coordinate prevents the spacecraft from entering this region. In practice, the impulsive control of z aims at
forcing the oscillation along the z axis to have the same period as the oscillations in the orbital plane. This concept
leads to so-called halo orbits.

We emphasize that the above treatment is correct as long as the linearization of the equations 7.26 - 7.28 remains
valid and the problem can be described in the framework of the restricted three-body problem (i.e. circular orbit
for mg and mq, no other forces...). For large amplitudes (X, Y and Z), the linear treatment is no longer valid and
higher order terms need to be considered. These higher order terms can actually lead to a halo solution by bringing
the periods of the in-orbit and out-of-orbit motions to the same value.

7.3.3 The sphere of influence

In celestial mechanics and space exploration, one often has to deal with problems of interplanetary spaceflight
where the mass of the spacecraft is negligible compared to the mass of a celestial body (be it a planet or the Sun).
In these cases, a good first approximation of the motion can be obtained by assuming that in the vicinity of a
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planet, only the attraction of the planet needs to be accounted for, whilst at large distances from the planet only
the attraction of the Sun matters. These approximations constitute the concepts of the sphere of influence and the
patched conics. Within the sphere of influence, one considers that the spacecraft is submitted mainly to the action
of the gravitational force of a single body and the effect of any other body is treated as a perturbation of the conical
(i.e. the Keplerian) motion.

Let us start by investigating under what circumstances we can reduce the 3-body problem of the motion of a
low-mass object P» under the influence of the Sun (Fy) and a planet (P;) to a perturbed 2-body problem.

First, we consider that P» undergoes mainly the attraction by Py (heliocentric description of the motion). For this
purpose, we recall Newton’s equation for the motion of P» (see equation 7.10), where we express the Keplerian
part of the motion of P around Fy:

d? 7 79
ol —G (mg + ma)

1 — T9 7
+Gm1< 1— 72 1)

7P R

In order to consider the effect of P; as a small perturbation, the following condition must be satisfied, with 1 being
a small quantity:

ri —7‘53 _ T13
my = =
R= ol WP oy (7.50)
mo + ma e
Let ¢ be the angle between 75 — 77 and —77. Defining oo = |r2|;17|"1‘, we obtain
7 — 79 71 1

(14 a* —2a? cos ¢)'/?

= AR A - )
and
7512 = 7% (1 +a® — 2a cos ¢)

Using these results, we can reformulate the ratio R as

1
R= ﬁﬁﬂﬂf—m cos @) (1+a* —2a” cos§)'/?

Since « decreases when P approaches Pj, we can write the condition on R by taking the dominant term of R:

m 1 mp 1
e (7.51)
mo + Mo « mo «

In a similar manner, we consider now the situation where P, undergoes mainly the attraction by P; (planetocentric
description of the motion). Newton’s equation for the motion of P, can now be expressed taking the Keplerian
part of the motion of P around P;:

d? (75 —17) T3 — 11 71 75
——m— = —G(m1+ma) =5+ Gmo (_,—_,>
dt? |73 —7if? FiP el
In order to consider the effect of Py as a small perturbation, one must have:
7"_13 . 7’53
m L z
g =_"T0 [nP P, (1.52)
mi + ms
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With the same definitions of ¢ and « as above, we can now express the value of

71 72
Iri> |3l

(07

(143 cos® ¢+ O(a))'/?
712

This then leads to a new expression of R':

3

R’:&043\/1—%3008%52m
m1 + ms mi + mg

As a result, we can again take the dominant term of R’ to reformulate the condition on R':

—a’ < 7.53
m1 + mo g ( )

Comparing equations 7.51 and 7.53, we see that both the planetocentric and the heliocentric approximations are of

the same level of accuracy if

ma 1 mop 3
ms o,
moa2  my

The two approximations to R and R’ are illustrated in Fig.7.11 and their equality implies

<m1>2/5
o) = | —
mo

1 + i
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Figure 7.11: Left: the approximations to R and R’ are shown as a function of « for mg/m; = 1000. For values
below v, the planetocentric approximation is the most accurate one, whilst for larger values of «, the heliocentric
approximation should be used. Right: the more accurate representation of the ‘sphere’ of influence accounting for
the first order dependence on ¢ (dashed line) is shown in comparison with the sphere of radius «g (solid line).

The sphere of influence of P is the region of radius oy |71 | and centred on P; where the perturbation due to Py on
the planetocentric motion is less than the perturbation due to P; on the heliocentric motion (see Fig.7.11). It has
to be stressed that this does not imply that the condition R’ < 7 is actually satisfied. In fact, one usually considers
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Table 7.2: The spheres of influence for the planets of the Solar System.

Planet m1/mo o Ro a1 (AU) apag (10%km)
Mercury 1.6610~7 0.0019 0.044 0.387 0.112
Venus 2.45107% 0.0057 0.075 0.723 0.616
Earth 3.00107% 0.0062 0.079  1.00 0.925
Mars 3.23107 0.0025 0.050 1.52 0.577
Jupiter  9.5510™* 0.0620 0.249  5.20 48.2
Saturn  2.8610~* 0.0382 0.196  9.54 54.6
Uranus  4.37107° 0.0180 0.134 192 51.8
Neptune 5.18107° 0.0193 0.138  30.1 86.8

that the action of a third body can be treated as a perturbation only if < 0.01. However, as we can see from
Table 7.2, Ry, the value of R and R’ evaluated in «y is larger than 0.01 for all planets of the Solar System.
Actually, the sphere of influence is not perfectly spherical. A somewhat more accurate representation can be
obtained if we account for the factor (1 + 3 cos? ¢)'/2. This then leads to the solution for the radius of the sphere
of influence:
2/5
ap = (143 cos? ¢) /10 (”“)
mo
The latter correction is however of minor importance, since the correcting factor varies only over a narrow range
between 0.8706 and 1.0 (see Fig.7.11).

7.3.4 The Tisserand invariant

Let us consider a circular restricted 3-body problem where mg >> mj >> mo. Such a situation holds for instance
if mg, my and my correspond to the masses of the Sun, a planet and a spacecraft or a minor body, respectively. Let
us call P:Q the position vector of mg in an (almost) inertial frame of reference centred on the center of mass of my
and my.

We can write

m1

Ry =715 — ay €

mo + my
where 73 = (z,v, 2) is the position vector of mg measured from mg, a; is the constant distance between my
and m, and €, is the unit vector pointing from mg to m;. The latter rotates at a constant angular velocity

—

Q= % € (see Sect.7.3.2).
1

The velocity of mso thus becomes:

9 = 5 +aA Ry
where % is the relative velocity in the rotating frame of reference tied to mg and m; (see Sect. 7.3.2). From there,
we find that . .
RGN,
which leads to .
y%|2:y§212+yﬁ/\ﬁ212—2ﬁ-ﬁ (7.54)
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where, h = ﬁg A R} is the angular momentum of mo.
The Roche potential (equation 7.20) introduced in Sect. 7.3.2 can be expressed as

_ Gmo i Gm1
£o p1

with pg = /22 + y2 + 22 and p1 = /(a1 — )2 + y? + 22

The Jacobi integral (equation 7.21) hence becomes

1~ -
d +3512A Ry? (7.55)

1673

C; = &— |2
J 215t |
_ Gmg+Gm1
Po P1

1 = S
—§|R2|2~I—Q-h

12
2
>
|
)

(7.56)

where the latter relation involves the orbital energy of ms if it were on a Keplerian orbit about mg not undergoing
any influence from m; (see below):

1 = Gm
2 0
e=|R|"—
2 Po
Indeed, if mo is far away from m1, and since m; << mg, we can neglect % compared to %.

In the restricted 3-body problem, C is a constant, and we thus obtain the expression of the Tisserand invariant’ in
the most general case:
Q-h—e~Cst (7.57)

Let us assume that my is well outside the sphere of influence of m;. According to what we have seen in the previ-
ous section, the motion of mo can thus essentially be described as a Keplerian orbit about mg. From time to time,
this motion can bring my sufficiently close to m; to make it enter the sphere of influence of m;. The interaction
between m; and mg changes the orbit of the latter about mg. The Tisserand invariant tells us that the elements of
the orbit of my cannot change in an arbitrary way: they must be such that equation 7.57 is fulfilled.

As an illustration, we consider a spacecraft on an elliptical orbit about the Sun with initial semi-major axis a, initial
orbital inclination ¢ (with respect to the orbital plane of planet Jupiter) and initial eccentricity e. If this spacecraft
flies-by Jupiter (in a so-called gravity assist manoeuvre), its orbital parameters change. Let us assume that the
new orbit in the heliocentric frame of reference is still an ellipse, but now of semi-major axis a’, inclination ' and
eccentricity ¢/. Under these circumstances, we can write

_GMy (1,

Q-h—
¢ 2 a

Hence the Tisserand invariant for elliptical orbits in the Sun - Jupiter system (often called the Jupiter Tisserand
invariant) becomes

a(l—e?)
ag,

a (1—e?)
ag,

i

o +2 cosi o~ —= 42 cosi’ ~ Cst (7.58)
a a

Of course, the general form of the Tisserand invariant (equation 7.57) not only holds for elliptical orbits, but for
any Keplerian trajectory. For instance, a comet entering the Solar System on a parabolic or hyperbolic orbit (e > 1)

3Named after Félix Tisserand (1845 - 1896) who first introduced this quantity as a criterion to identify comets having undergone a close
encounter with Jupiter.
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Figure 7.12: The Jupiter Tisserand invariant is shown as a function of the semi-major axis for different categories
of minor bodies in the Solar System. On the left, we focus on the vicinity of Jupiter, whilst the right panel provides
a more global view of the Solar System. Data were taken from NASA’s Jet Propulsion Laboratory Small Body
Database available at http://www.ssd. jpl.nasa.gov/sbdb_query.cgi.

can be influenced by the attraction of Jupiter (or another big planet) in such a way that its new heliocentric orbit
becomes an ellipse (¢/ < 1). The reverse is also possible: a spacecraft on an elliptical orbit about the Sun can
gain sufficient velocity by an encounter with a major planet to make it leave the Solar System on a parabolic or
hyperbolic trajectory (see lectures on Space Exploration).

The invariance of the Jupiter Tisserand parameter allows to distinguish comets from asteroids. Indeed, as shown
in Fig.7.12, the comets have usually lower values than asteroids. This indicates that the comets, even though they
may now orbit the Sun within the Jovian orbit, actually originated beyond the Jovian orbit. In the right panel
of Fig.7.12, we note some objects which have a negative value of their Tisserand parameter. These are actually
objects that orbit the Sun in the opposite sense to Jupiter (hence ¢ > 90°).

7.4 The motion of N bodies in a planetary system

We consider here the situation where mg, the mass of the central body (the Sun in the case of the Solar System) is
much larger than my, for every k£ > 0. We aim at expressing the motion of each of the masses my, as a Keplerian
motion around my subject to perturbations by all the other masses. According to equations 7.7 and 7.8, Newton’s
equation of the motion of my, can be written as

d2r G o N -
. (mof;”’“)” + > VilUia (7.59)
dt ’Tk‘ n=1,n#k

— 1 raTg
where Uk-,n = Gmn (m IT;‘?))
To illustrate the principle, we consider the mutual interaction between two planets £ = 1 and N —1 = 2. We choose
here the indices in such a way that p = % < 1 without any loss of generality. We also introduce oz = Z—; < 1 such
that p = « % % The distance between the two planets is Aj o = |77 — r3|. We further define two unit vectors 4}
and u3 such that 71 = r1 u3 and 73 = 79 u3 as well as the angle y between the two vectors 47 and 5.
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Figure 7.13: Illustration of the €2, i;, and 1 angles
of the osculating orbit of P, in the frame of reference
Py, xo, Yo, z0. The vectors 1, and v, are unit vectors
pointing towards the ascending node and towards the

Yo instantaneous position of Py respectively. The same
set of angles and vectors are defined for each of the
planets considered in the problem.

Using these definitions, we can write

1 71 COS"7Y
U2 = Gmga —
’ A 13
U a 1 79 COS7Y
2,1 = Gmy -
ALQ T%

We can express the inverse of the separation between the two planets as

1
N (r% + r% —27r179 (3087)_1/2
1,2
1
= E(l —2p cos*y—l—pQ)_l/2
1 o0
= — Z p" Py(cos7y) (7.60)
T2 n=0

In the latter relation, P, (cosy) are the Legendre polynomials (see Sect.5.4). To second order in «, the separation
between the two planets can thus be written as

1 1 2 2 373 1
) (i (a2> cosy +a? (Tl> <a2> ( cos®y — ) +0(a?) (7.61)
Ao as \ 7o air \rs al 79 2 2

n
7"}‘—1
n
L)

The next steps are then to express the fractions 2 "= as functions of the osculating elements of the orbits of

T2
the two planets.
In this context, let us remind that, with the exception of Mercury, most planets of our Solar System have orbits
with small eccentricities and with a rather low inclination with respect to the plane of the ecliptic (see Table 2.1).
As aresult, some of the classical osculating elements, such as w and {2 are somewhat ill defined and we use instead

the following elements that are more regular for almost circular, low-inclination orbits*:

z=-eexp(jw)

“Note that an overlined complex number (such as X) stands for its conjugate. We recall that to avoid confusion, we use the notation i
for the inclination angle, whilst j as part of the argument of an exponential function stands for the imaginary unit (% = —1).
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X=ecexp(jM)=ceexplj(L—w)]
¢ = sin (i/2) exp (j Q)
Y =sin (i/2) exp [j (L — Q)]
where w =Q+wand L = M + w.

For instance, from the relations in Sect. 4.3, we find that

1 1 _
= 1+§(X+X)+§(X2+X2)+O(e3)

23 3|2

= 1—%(}( +Y)—%(X2—2XY+Y2)+O(J’)

0 =explj(p—M 1+(X—7)+é(9X2—8XY—Y2)+(’)(e3)

~—
—

From these relations, we see that the development up to the dth power of e of any term of the kind

(£)" exp [j m (¢ — M)] can be expressed as a product of series of increasing powers of X

r\" . P ~m,m
(5) explimio-M)= > XXTCp 0t
“ 0<p+p'<d

where the summation is actually a double summation over the (positive) indices p and p’, under the condition that
the sum of the indices p + p’ does not exceed d.

Since
P _a” (ﬁ) (@)”“
it ag \ay T2

we see that Af% can be expressed as a quadruple sum of terms of the kind

7 o

2 Z om0 L0 xm X7 P2 X1
i+l o pip; Cp2py 1 L A2 82
2 0<p1+p +p2+p)H<d
o —n—1 +p4 +p}
_ @ Z Cn,O/ " ,Oegpl pl)egpz ph) %
as p1,p;  P2,Py
0<p1+p)| +p2+ph<d
. / /
exp {j [(p1 — p1) (L1 — @1) + (p2 — ph) (L2 — w2)]} (7.62)

To compute the distance A1 2 between the two planets and to evaluate the scalar product in Uy 2, the cosine of the
angle ~ between the vectors 71 and 73 still needs to be expressed as a function of the osculating elements. This can
be done by noting that the components of the vectors 4] and u> are given by (see Figure 7.13):

11 = (cost)y cos )y —sine)y sin Qg cosiy, costy sin 2y + sin; cos Qy cosiy,siny siniy)

and the same expression holds for w3 by replacing the index ”1” by ”2”. Here ¢1 = I; — €4, where [y is the
so-called true longitude along the osculating orbit.

One can then compute cosy = 4] - 12, and accounting for the fact that ¢; = I; — {21, we obtain

cosy =N {0032 %1 cos? %2 exp [j (I3 — l2)] + sin? %1 sin? %2 exp[j(l1 —la —2Q; +2Q)]
+ sin? % cos? %2 exp[j (I1 + 1y — 2Q4)] + cos? %1 sin? %2 exp [7 (I1 + l2 — 2Q9)]

1 .. ) )
+ 5 siniy sind (explj(li —lo— Q1+ Q2)] —exp[j (I + 12 — Q1 — Qg)])}
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Finally, by introducing the complex variables ¢, z, X and Y along with their conjugates into the above relation and
by noting that [ = L + (¢ — M), we eventually obtain an expression of cosy as a series of terms that are products
of various powers of (1, (2, z1 and 29 as well as of the trigonometric functions exp [j (p L1 + (p + ¢) L2)]. These
expressions can then be inserted into the development of the potentials.

Once the potentials’ U, k,» have been expressed in terms of the osculating elements, they are added for the different
values of n and the resulting expressions of U}, are then inserted into the Lagrange equations® and this yields the
set of differential equations for the elements of the osculating orbit that need then to be integrated. As for the
general theory of perturbations, one again distinguishes between secular (in this case terms that are independent of
Ly or Ls) and periodic terms.

This kind of development is not a simple task and requires substantial computing power. For instance, for the eight
planets of our Solar System, a development up to second order in my /mg and up to fifth order in eccentricity e
and inclination ¢ contains more than 150 000 terms.

The variations of ay, are periodic and do not include a secular term. Actually, the so-called secular variations of
the 2z and (j parameters are not genuine secular trends but rather very long-period periodic modulations with a
frequency of the order %’g no,k, 1.€. about three orders of magnitude slower than the mean motion ng ;. Since the
periods of planetary revolutions are of order of years up to decades and even centuries, it becomes clear that these

variations are indeed extremely slow.

Another feature that appears in the motion of a planetary system is the resonance between different planets. In-
deed, from the above relations of the Uy, terms, it appears that the integration of the Lagrange equations produces
denominators of the kind (png i — (p + ¢) no,n) With p and ¢ being small integers. For some combinations
of p and ¢, these denominators can actually be rather small in comparison to ng j and hence produce a rather
large amplitude in the corresponding term of the perturbation. Each of these terms multiplies a power e? at least.
The most prominent case in our Solar System (see Table 2.1) is the resonance between Jupiter and Saturn, where
2n9 —5 ny = —4.02” day~! (which corresponds to a period of 883 years). Since in this case, ¢ = 3, the Jupiter

- Saturn resonance corresponds to an e term. A very similar situation occurs between Uranus and Neptune where

ng —2 ny corresponds to a period of 4239 years and multiplies a term in e?.

It is actually the fact that the motion of Uranus is perturbed by the attraction of Neptune that led to the discovery of
the latter (see Chapter 1). When the motion of Neptune was also found to apparently deviate from the predictions,
the hypothesis of another planet (planet X) revolving beyond the orbit of Neptune was formulated. To explain
the apparent effect on Neptune, the mass of planet X was estimated to be about 12 My in 1848. Percival Lowell
(1855 - 1916) spent part of his life searching for this mysterious planet. In 1930, Clyde Tombaugh (1906 - 1997)
discovered the dwarf planet Pluto, then believed to be planet X. However, Pluto was about a factor ten dimmer
(and hence less massive) than predicted. For a long time, it was assumed that Pluto might indeed be large and
dark, but with more powerful telescopes, its mass was continuously reduced. In 1978, Charon the largest of
Pluto’s moons was discovered and accurate mass determinations became available. The mass of Pluto is now
determined to be 0.0021 M. Such a low mass is by no means sufficient to explain the apparent deviations of
Neptune. However, with the data from modern spacecraft, the masses of the outer planets are now much better
known, the transneptunian minor planets are better known and modern calculations can explain the motion of the
planets without the need for a perturbing planet beyond the orbit of Neptune.

In this context, let us stress that the orbit of Pluto is stable, although it crosses Neptune’s orbit, because the orbital

SRemember that these potentials are different for each planet.
A set of Lagrange equations equivalent to 6.47 but for the case where e and ¢ are small can be derived from the definition of the
osculating elements used here.
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Figure 7.15: Orbital clustering of distant Kuiper Belt

_ ) objects. This situation could reveal the existence of a
Figure 7.14: The estimated (filled squares) or dynam- vt ypdetected massive planet on an eccentric orbit (¢ ~

ically determined (filled dot) mass of planet X (before () 6) having its periastron anti-aligned with the Kuiper
1930) and Pluto (after 1930) as a function of time. The  gqj¢ objects (Batygin & Brown 2016).

mass is given in units of the Earth’s mass (Mé})'

periods are in a 2 ny 3 np resonance. This resonance ensures that Neptune and Pluto remain at a large distance
(> 17 AU) from each other, at the times their orbits cross. Without this resonance, the dwarf planet would be
ejected by the strong perturbations due to Neptune.

Another interesting example of resonance in the Solar System is provided by the Kirkwood gaps. The latter are
gaps in the observed distribution of semi-major axes of the asteroids of the main asteroid belt (located between
about 2.1 and 3.5 AU) due to orbital resonances with Jupiter. The most important gaps are found for semi-major
axes of 2.50, 2.82, 2.95 and 3.27 AU and correspond respectively to the 3:1, 5:2, 7:3 and 2:1 resonances. Let
us consider the 3:1 resonance: asteroids with a = 2.50 AU have an orbital period of 3.95 years and will thus
accomplish 3 orbits whilst Jupiter revolves once around the Sun. Although, there is still no complete theory for the
effect of these resonances on the distribution of asteroids, it is known that Jupiter’s attraction perturbs the orbits of
these asteroids generating orbital chaos and planet crossing (the eccentricity of the asteroid’s orbit becomes large
enough for the asteroid to cross the orbit of Mars). From numerical simulations of the problem, it has been shown
that the eccentricity of Jupiter’s orbit is of prime importance in this context (Saha 1992).

Finally, another intriguing example of a possible resonance concerns orbital grouping in longitude of perihelion
(w) of very distant Kuiper Belt objects (see Fig.7.15). This feature is surprising as the gravitational perturbation
exerted by the giant planets of the Solar System should lead to apsidal precession that would randomize the values
of w. Yet, Batygin & Brown (2016) drew attention to a group of objects with @ > 250 AU that share the same
value of w to within 8°. Batygin & Brown (2016) showed that such a grouping could be maintained by the action
of a hypothetical Planet Nine with a mass of at least 10 My and a highly eccentric orbit whose perihelion would
be anti-aligned with that of the Kuiper Belt objects.
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7.4.1 The Laplace resonance

A fascinating case of resonance exists among the Galilean moons Io, Europa and Ganymede. This is a so-called
Laplace resonance which occurs when three or more orbiting bodies have a simple integer ratio between their
orbital periods. In the present case, we have an orbital resonance of 1:2:4. This situation is illustrated in Fig.7.16.

I I &
I
to

tO+1P t0+2P t0+3P

Figure 7.16: Illustration of the Laplace resonance among the three inner Galilean moons: Io, Europa and
Ganymede. The configuration of the three satellites with respect to Jupiter is illustrated at four different times,
separated by one orbital period of Io each.

Let us consider this situation in more details (Showman 1997). Actually, the ratio of mean motions of Io and Europa
is not exactly 2:1. Hence, their conjunction drifts at a mean angular velocity 2 ngyropa — Mo = —0.74° day— 1.
However, the lo - Europa conjunction is actually locked to Io’s perijove (i.e. its closest approach to Jupiter) and
Europa’s apojove:

Wlo = (2 NEuropa — nlo) t— 91

WEuropa = (2 NEuropa — nlo) t— 92

where 61 and 05 librate about 0° and 180° respectively.
The same holds for the Europa - Ganymede conjunction which occurs when Europa is near perijove.

WEuropa = (2 NGanymede — nEuropa) t— 03

where, this time, 03 librates about 0°. The Laplace resonance is then defined as a 1:1 commensurability between
the rates of motion of the o - Europa and Europa - Ganymede conjunctions. In other words,

Wlo = WEuropa

and (2 NGanymede — 3 NEuropa + nJo) t librates about 180°. This latter relation implies that a triple conjunction of
the three moons is impossible. The fact that the three moons periodically line up in the same configuration actually
prevents the orbit of Io and Europa from being circularized by Jupiter’s tidal effect. Indeed, the gravitational
interaction between these moons stretches their orbits into elliptical shapes.

These orbital resonances have wide-ranging consequences. Indeed, Io’s strong volcanism is most probably trig-
gered by Jupiter’s tidal action which is modulated by the eccentricity of Io’s orbit. The eccentricity itself is forced
by the resonance with the other two jovian satellites.

Another spectacular example of nearly resonant orbits was found among the seven exo-planets of the Trappist-1
system. These planets have orbital periods about their host star of 1.51,2.42,4.04, 6.10,9.21, 12.35 and 18.77 days.
The ratios of the orbital periods of the five innermost planets are very close to the ratios of integer numbers: 5/8,
3/8, 1/4, 1/6 where we have taken the ratio between the orbital period of the inner planet and each of the following
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four. If we rather consider the ratio between the orbital periods of a planet and its nearest neighbour, we obtain
ratios of 5/8, 5/3, 3/2, 3/2, 4/3 and 3/2. With the latter formulation, we see that even the two outer planets are
found to be in near-resonance. This resonant configuration plays a key role in maintaining these exo-planets in a
stable configuration.

7.4.2 Perihelion precession in the Solar System

Let us consider that all the planets of the Solar System move in the same plane (the ecliptic) around the Sun. If we
are interested in long-term trends, we can average the mutual interaction of the planets over their orbital period.
Carl Friedrich GauB3 (1777 - 1855) thus proposed to model each planet as a ring of radius a; centred on the Sun.
We can then evaluate the potential due to such a uniform ring of mass 12, at some point 7; inside the ecliptic.

Gm 2m 1
U ==t [ e

27 75 — 7|

For a; > ay, we have

L8 ()

75 =7kl ey i\

whilst for a; < ay, we have

! — = 1 i; (Clj)nPn(cosqﬁ)

75—kl ar g \ak

Therefore, we see that the total potential at the position of the planet number j can be written

e () 5 G

. : a a
k<j i<k k k

GM@ b

-3

Uj=—

Here we identify the planets by their number expressing increasing distances from the Sun outwards (e.g. k = 1 =
Mercury, kK = 2 = Venus,...). The coefficients s,, = i 02” P, (cos ¢) d(b are zero for odd values of n and amount
to P, (0)2 for even values of n. Thus sg = 1, s9 = %, S4 = (%1, S¢ = 256, . We will use this potential hereafter to

investigate the precession of the longitude of perihelion (w) of the planets of the Solar System.

Before we do so, let us first consider a mass moving on a circular orbit under the effect of the central force per
unit mass f(r) = f(r)é;. In polar coordinates, the equations of the motion along the ¢, and €y axes become,
respectively:

P—r0® = f(r) (7.63)

270 +760 = 0 (7.64)

The latter of these equations yields the conservation of angular momentum 72 0 = h = Cst. Inserting this result
into the former equation, we obtain

P—— = f(r) (7.65)

If the mass is moving on a strictly circular orbit of radius a, we have #* = 0 and thus —h? = a3 f(a). Let us now
assume that the orbit is not exactly circular, and let us define Ar = r — a with Ar << a. Expanding to first order

in M , we obtain that
.. h2 Ar d
Ar — (1—3>:f(a)—|—f> Ar
a? dr /),
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which leads to

Ar + {_Bf(a) — df)(j Ar=0

a dr

If the term between brackets is positive, then Ar oscillates periodically between a minimum and a maximum value
with a period

2
p= S _wdf) }1/2 (7.66)

a dr
For the conventional two-body problem, f(r) = —u 72, and the above relation simply yields Kepler’s third law.

The angle that separates the two extreme values of Ar then becomes
Pé _ m
92 df o 11 /2
3+ %), 7]

Let us now apply these results to the Gauss approximation of the planetary perturbations. From the potential
established above, we infer

(7.67)

G M, > Gmy [(ap\" Gmy ([ \" !
fr) = =T =3 s |2 T2k<:> (n+1)->" aQ’“(a) n (7.68)
n=0 k<j j<k Yk k
df 2G Mg e G my, (ak)n Gmy, [ r\"2
- = + ) sy — ] (n+1)(n+2)+ () n(n—1)| (7.69)
dr r3 nzzjo };7 r3 r ;ﬂ a;  \ag
To first order in %, we then obtain:

df) a; 1
3+ — =142 spn(n+1
dr aj f(a])] 2n:0 ( )

my [ ag " my [ a; ntl
si () 2 () ] 770

k<j aj i<k Ak

The rate of perihelion precession hence becomes

(o]
Loy
= = 1
W= z_: spn(n+1) _ » _ o
n=0 k<j i<k

mi ()" g ()"
e O 2 O

where n; is the mean orbital motion of planet j. The results of this rather simple approach are shown in Fig.7.17.

Overall, we find that, despite the crude approximations, the agreement between our very simple treatment and the
actual measurements is not too bad. The worst discrepancy is observed for Venus, where this approach overpre-
dicts the actual rate of precession. Venus is the planet that undergoes the strongest influence by planet Mercury.
Mercury has an orbit that is quite eccentric and quite inclined with respect to the plane of the ecliptic. In the
approach adopted here neither the eccentricity of the perturber’s orbit nor its inclination are accounted for. A
better agreement can be achieved using a more sophisticated approach where the inclinations of the different or-
bital planes as well as the eccentricities of the orbits are accounted for, or alternatively by means of the so-called
Laplace-Lagrange secular evolution theory (see Fitzpatrick 2012)".

"See also the work of Lo et al. (2013) who present an approach that accounts for the eccentricity of the perturber’s orbit whilst still
using the Gauss approximation.
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Exercises

General relativity leads to a correction of the gravitational potential of the Sun as experienced by planet
Mercury.

GMy  GMyh?

r c2rd

U =

where c is the speed of light in the vacuum and / is the angular momentum (which is constant). Demonstrate
that the constant term of the Fourier expansion of the relativistic correction amounts to

_ —G My h?

[
T 243 (1 —e2)3/2

Use the Lagrange equations to infer the general relativistic correction for the precession of Mercury’s peri-
helion

. 3(GMg)*?

WER = 2 45/ (1—e?2)

What is the value of this precession rate and how does it compare to the classical (Newtonian) term which
amounts to 5.32 arcsec yr—1?

A comet approaching the Sun on a parabolic orbit of perihelion distance 7, and inclination 7 with respect to
Jupiter’s orbital plane is perturbed by a close encounter with Jupiter such that its new orbit in the heliocentric
frame of reference becomes an ellipse of semi-major axis a’, eccentricity €’ and inclination i’. Demonstrate
that

27 !

a
—cosi:—%/—i— a—(l—e’z) cos i’
an, 2a N

Same question for a comet initially on a hyperbolic orbit with a perihelion distance r,, inclination 7 and
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asymptotes with an acute angle o with respect to each other. Demonstrate that

!/
;Z;(l—e)—i— x(1+e) cosi:ﬁ—i— ;;_(1—6/2) cos i’




Chapter 8

The rotation of a rigid celestial body

In addition to their orbital motion, most objects in the Universe are observed to be in rotation. Whilst this is
obviously true for stars, planets and minor bodies, we shall only consider the simplest situation, i.e. the rotation
of rigid bodies where the angular velocity vector & is constant everywhere inside the body. However, even in this
simplified case, the description of the phenomenon becomes rather complex when several objects act upon each
other. In this chapter, we restrict ourselves to a first introduction to the subject.

8.1 Fundamental concepts

Let C'M be the center of mass of a rigid (at least to first approximation) body such as a planet, an asteroid,... The
angular momentum around the center of mass can be written as

Low = [GAR o) av

- T3 (8.1)

where 7 is the moment of inertia tensor defined by Z;; = — [(x;2;) pdV for4,j = 1,2,3 and i # j and

N3 2
Iz. = Zj;éi,j:l fwj pdV. o . o
It is always possible to define so-called principal axes of inertia (€3, €, €2') where the tensor can be expressed as

A 0 0
I=|( 0 B 0 8.2)
0 0 C

The rate of change of the angular momentum is given by the moment of the external forces:

dLeve  0Lewm | . -
i o @nbewm
. /(FAF)p(F’)dV+/(r/\r)p(F)dV
= /(FAﬁ)dV:M (8.3)
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where F is the external force per unit volume. This equation can also be expressed by three scalar differential

equations, sometimes called Euler’s equations of rotational motion:

Aw’l—i—(C—B)wgwg = M
By + (A —C)wzwy = My
C'w'3+(B—A)w1w2 = Msj

On the other hand, the kinetic energy can be expressed as

T = 5/?-?;)(7)&/

1 1
= fM%%M—i-icU‘IQ:TCM—i-Tmt

In the principal axes of inertia, the kinetic energy of the rotation is given by

1
Trot = 5 [Aw? + Bwi + C Wi

The rotation of a rigid body is usually described by means of Euler’s angles (see Fig. 8.1).

8.4)
(8.5)
(8.6)

8.7)

Figure 8.1: Illustration of Euler’s angles. The (z, y, z) axes refer to an inertial frame of reference, whilst (2, 3/, 2’)

designate the coordinates corresponding to the principal axes.

Euler’s angles express the position of the moving system of coordinates (z’,y’, z’) with respect to the absolute
frame of reference (z,y,z). 7 is the direction of the line of nodes, which is defined here as the intersection
between the (z/,y’) and (z,y) planes. ¢ is the precession angle (rotation around €2), € is the nutation angle

(rotation around 77) and ) is the spin angle (rotation around €2').
The instantaneous angular velocity can thus be written as

G=cé +0n+ie
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Since €, = cosf €.’ +sinf sinvy €’ + sin cos e@’ and 77 = cos 1) €;’ — sin ) e_?;’, we can express the angular
velocity in the principal axes as

& = (¢ sinf siney + 6 cosvp) &' + (¢ sinf cosh — 0 sinep) & + (¢ cosf + 1) €2’ (8.8)

The components of & can thus be written as

wi = ¢ sind siny + 6 cosy (8.9)
ws = ¢ sind cosyp — 6 sin (8.10)
wys = ¢ cosh+ (8.11)

For a freely rotating rigid body!, £ = T and

Py = %Z; = (Aw siny + Bwg cos®) sinf + C ws cos b (8.12)

Py = %f)T = Awi cos) — Bwy sinp (8.13)
orT

Dip 9 3 (8.14)

These expressions are rather complex and it is advantageous to use an alternative set of angles that are defined in
Fig.8.2.

8.2 The Andoyer canonical variables

In the same way as for the two-body problem, we can introduce a set of canonical elements that describe the
problem of a rotating rigid body. These are the so-called Andoyer angles (I, g, h) illustrated in Fig. 8.2 and their
conjugated momenta (L, G, H):

L = |LoulcosJ (8.15)
G = |Lowl (8.16)
H = |Loy|cosK (8.17)

It can indeed be shown that the Andoyer elements form a set of canonical coordinates.
In the principal axes (€3, €;/, €;'), we can write

Loy = (G sinJ sinl, G sinJ cosl, G cosJ)

and
G=T 'Ly = (A1 G sinJ sinl, B"' G sinJ cosl,C~' G cos J)

This yields the following expression for the rotational kinetic energy:

- 1 L?
& Loy = 3 (G? — L) (A sin?1 + B™! cos®1) + 5C

T — (8.18)

N |

"We recall that the relation p; = g—T remains valid also as long as the potential U of an external force does not depend on the generalized

di
velocities ¢;.
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plane perpendicular
toLL M

inertial x,v plane

equatorial plane

Figure 8.2: Definition of the Andoyer angular elements (I, g, k) and the angles K and .J. The equatorial plane is
defined as the principal plane perpendicular to ¢3’'.

In the case where no external forces apply on the rigid body, H = T and the Hamiltonian is thus independent of
g, h and H. Using the canonical equations of Hamilton, we obtain that

o OH e gy [L1T7

L = — 3l = (G° - L*) {B A} sinl cos! (8.19)

G = —8—H:0 (8.20)
dg

. OH

H = —=——== 21
ah 0 (8.21)

. oOH 1 sin?l  cos?l

b= aL_LlC_A_Bl ®22)

. OH sin?l  cos?l

g_ﬁG_G[AJFB] (8.2

. OH

o= =0 (8.24)

Hence, h, G and H are constants if no external forces act upon the body.

If, in addition A = B, ‘H does not depend explicitly on / and L is also constant. In the latter case, =L (C—1 -
A Yand g = & Hence [ and g grow at constant rates with time. Finally, we note thatif A = B = C (e.g.
for a perfectly spherical body), the only remaining motion is a rotation about the direction of the Ly vector at a
constant rate.
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8.2.1 The modified Andoyer elements

We note that if K or J are equal to zero, either h and g or g and [/ are no longer defined and it is advantageous to
use the modified Andoyer elements: p=1{+g+ h,g=¢g+h,s=—-h,P=L,Q=G—-LandS=G — H. It
can be shown that these modified elements preserve the canonical form of the equations of Hamilton.

8.3 Perturbations due to an orbiting secondary mass
Let us consider a point-like mass m that orbits around the body of mass M that we wish to study. We assume

that the orbit of m is circular and is located in the inertial plane. The gravitational potential at a position 7/ for the
point-like mass m can then be expressed as

o |
V|7’—7‘

The E ql term can be expressed as
bt

1
" ?:;’ = (4% —2r cos'y)_l/2
~1/2

1 r 72

= W(l—QWCOS’}/-i-WZ)
1 & /r\"

= 52 (w) Fu(cos) (8.25)

n=0

In the latter relation, P, (cos~y) are the Legendre polynomials (see Sect. 5.4) and ~ is the angle between * and .
In this way, the potential can be expressed as a sum of potentials corresponding to the different (integer) values of

n.
o
U=> U,
n=0
Here, we restrict ourselves to n < 2. One obviously finds that Uy = 7GT1}4 ™ and U; = 0 (for a system of

coordinates centred on the center of mass of M). After some calculations, one can further establish that

4, , 2% 4y L 2y
U2:§an C—-2an C’T—Zlﬁn C—7p—
where o = & g 26248 g — 3 m B4 and n? %, whilst 2’ and 3/ refer to the components of

the 1 vector that indlcates the position of the perturbing mass m in the frame of the principal axes of inertia.

As a further simplification, we shall assume that J = 0 (i.e. the vector Lea is perpendicular to the equatorial
plane). This then implies that g and [ are no longer determined independently and we have to use the modified
Andoyer elements. Let A = Ao + nt be the right ascension of the mass m at time ¢. Hence

/

% = cos(h—A) cos(l+g)—sin(h—A\)sin(l+g) cos K (8.26)
/

y—/ = —cos(h—A)sin(l+g) —sin(h — A) cos (I + g) cos K (8.27)

,
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The Hamiltonian can then be written as

2

L
H = ﬁ+nA+an2Csin2K[1—cos(2)\—2h)]

—Bn*Clcos(2X\—2h+2g+21) (1 —cos K)?
4cos(2A—2h—2g—21)(1+cos K)? +2cos(2g +21) (1 — cos® K)] (8.28)

or actually using the modified Andoyer elements

2

P
H = ﬁ+nA+an20sin2K[1—cos(2)\+28)]

—Bn%Clcos(2A+2p+4s) (1 —cos K)?
+cos (2A —2p) (1 4+ cos K)? +2 cos (2p +25) (1 — cos® K)] (8.29)

There are several comments to be made about this Hamiltonian.

e The Hamiltonian is designed for the study of the rotation of the mass M. Therefore, we have excluded those
terms that are not directly related to rotation (such as Uy and the kinetic energy of the center of mass C M).

e Since we have made the assumption that J = 0, the kinetic energy of the rotation can simply be expressed
L2
as 50
e We have introduced the generalized momentum A that allows us to include A, the right ascension of the mass
m, as one of the variables of the problem, whilst preserving the simple relation A = n = %—Z\{ valid for a
circular orbital motion.

e As for any Hamiltonian, the terms that are important are those that are variable. We have therefore a priori
excluded those terms that are simple additive constants.

To illustrate the applications of this Hamiltonian, we consider the problem of the precession of the Earth’s rotation
axes under the influence of the Moon and the Sun. Let us first note that since S = P (1 — cos K), we have

9 %OgK = %1 and the rate of precession can be obtained from
) oH -1 OH
® T 89S T P dcosk (8.30)
C C
= QanQF cos K [1 —cos(2A+2s)] —25712? [cos(2A+2p+4s) (1 —cosK)
—cos(2A—2p)(1+cosK)+2cos(2p+2s) cos K] (8.31)

In the latter expression, there are a number of terms that are periodic functions of time. These are the trigonometric
functions that depend on 2 X or 2 (p+s). Whilst the former are periodic with half the orbital period of the perturbing
body m, the latter vary with half the rotational period of mass M. Since we are interested in what happens over a
long period of time, we can average the above derivative and we then obtain a time-averaged rate of precession:

< §>= 2an2% cos K (8.32)

Whilst one has to keep in mind that we have made a number of simplifying assumptions, it is nevertheless inter-
esting to see that this relation allows to make a rather accurate prediction of the precession rate of the Earth.

Indeed, let us first consider the action of the Moon. We have to stress here that the Moon does not revolve the
Earth inside the inertial plane of the ecliptic. However, the inclination of the Moon’s orbit (¢ = 5°) with respect
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to the ecliptic is sufficiently small so that we can consider it negligible to first approximation. The term %

amounts to 1/306 in the case of the Earth, whilst the equatorial plane is inclined by K = 23.5° with respect to the
plane of the ecliptic. % can be approximated as the inverse of the frequency of the sidereal day (13713 srad ™).
m/(M+m) amounts to 0.01215 and n = 2.66170x 10~ % rad s~!. We thus obtain < § >¢ = 5.306x 10" 2 rads™!
which corresponds to a period of 37521 yr.

As a next step, we consider the action of the Sun. In this case, m/(M + m) = 0.999997 and n = 1.9966 X
10~ "rad s~! yielding < 5 >¢= 2.457 x 10~'?rad s~! which corresponds to a period of 81023 yr. The sum of the
two effects then yields a total rate of precession of < § >= 7.7639 x 10~'2rad s~! which corresponds to a period
of 25645 yr in excellent agreement with the actual period of 25765 yr.

If some of the simplifying assumptions are dropped, one can build a more rigorous theory of the perturbations of
the rotation of a solid body. For instance, it is possible to study the impact of the Sun and the major planets of
the Solar System on the rotation axis of Mars which displays almost chaotic long-term variations due to various
resonance effects.

8.4 The Cassini states

Let us consider the impact of the Earth’s attraction on the Moon. The plane of the Moon’s orbit around the Earth
(equivalent to the plane of the apparent orbit of the Earth around the Moon) slowly precesses and can thus not be
considered an inertial frame of reference. Let us thus assume that the frame of reference (€, €, €2) tied to the
orbital motion of the perturbing mass m (the Earth in this case) is rotating at a constant rate O with respect to
the inertial frame of reference (g, gy, §2). If @ is the rotational velocity of the principal axes (¢;/, €', €2') with
respect to (€3, €, €2), then the total rotation vector becomes

=/

+Q

&L

The kinetic energy hence becomes

G- IS+ To+=-0.-70

N =

Since H = 3%, pigi — L and p; = ng = gg, we obtain that

H = G- I6+Q-TG5-T+U
T—Q Loy +U (8.33)

Hence, the corrective term of the Hamiltonian is equal to -0 Ec v = Psin K (Qg sin s+, coss)—Q, cos K],
where we have expressed the components of the vectors in the (€, €, €2) frame.

If we assume that the orbital plane of mass m precesses at a uniform rate €2 around an axis inclined by an angle ¢
with respect to €, in the plane (€, €,), we have that Q, = 0, Q,, = Q sini and Q, = 2 cos (see Fig. 8.3). Hence

—Q - Loy = PQ(sini sin K cos s — cosi cos K)

With these results, the Hamiltonian can eventually be written

2

P
H = ﬁ—}—nA—}—PQ(sinisianoss—cosz'COSK)

+an?C sin? K [1 —cos (2A+2s)] — Bn*Clcos (2A+2p +45) (1 — cos K)?
+cos(2XA —2p) (1 4+ cos K)? +2 cos (2p + 25) (1 — cos® K)] (8.34)



8.4. THE CASSINI STATES 109

—

© Sl £z  Orbital plane

Figure 8.3: Illustration of the system of axes used in this section. The orbital plane precesses around Q.

Again, we wish to quantify the long-term effects associated with this Hamiltonian. To do so, we again average out
the periodic terms. However, in the case of the Moon, the rotational period and the period of revolution around the
Earth are the same, so that we have a resonance between A and p.
If we introduce ¢ = p — ), it can be shown that the transformation (p, A\, P,A) — (o, X', P,A’) is canonical
provided that A’ = A + P. We hence obtain the time-averaged Hamiltonian

P2

H = ﬁ—i—nA’—nP—i—PQ(sinisianoss—cosicosK)

+an?C sin? K — fn?C cos(20) (1 + cos K)? (8.35)

The important variables in this problem are o and s as well as their conjugated momenta P and S = P (1 —cos K).
By noting that 2 %‘}EK = 1_385 K and 2 ‘g)gK = _71, we can then use the canonical equations of Hamilton to obtain

the following set of differential equations:

1—cosK OH
.o L O lsin i sin K B . e .
o o " + Q[sind sin K cos s — cosi cos K| + D Deos K (8.36)
. —1 OoH
* T P dcosK (8.37)
P = —28n*C(1+cosK)?sin(20) (8.38)
S = QPsinisinK sins (8.39)

where the derivative of the Hamiltonian with respect to cos K in equations 8.36 and 8.37 is given by

OH  —PQ
dcos K sinK

[sini cos K coss + cosi sin K] —2n?C'[a cos K + 3 (1 +cos K) cos (20)]  (8.40)

Equations 8.36 to 8.39 posses an equilibrium solution (¢ = s = P =8 = 0), for any value of ¢ and K (see
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however below), that is given by

o = k‘g (8.41)
s = K=x (8.42)
o0H
— 4
Ocos K 0 843)
P = nC+QC cos (K —1) (8.44)

where k and k' are integer numbers. These conditions define the so-called Cassini states. For the Moon, k = 0
and k' = 1. The condition on ¢ implies that the Moon’s axis with the largest inertia points towards the Earth. The
meaning of s = 7 is illustrated in Fig. 8.4.

Lunar Orbit

_————

—— = =

—_————

Lunar equatorial plane

Figure 8.4: In the case of the Moon, the line of nodes of the Moon’s orbit with respect to the ecliptic is aligned with
the intersection between the Moon’s equator and the ecliptic. This is indicated by the Cassini condition s = .

The condition on 80807:[{ actually yields a relation between ¢ and K:
D in (i~ K)] = 207 Cla cos K + (1 + cos K]
sin (4 — =2n o CoS cos
sin K

Hence, in the Cassini states, K and ¢ are not independent. For low values of ¢ and K, this relation becomes

2n2C
PQ
When some of the simplifying assumptions made in this chapter (circular orbit for m, no other body affecting the

motion,...) are dropped, the Moon is strictly speaking no longer in a Cassini state. However, it remains actually
close to such a state and presents small amplitude librations around the Cassini state.

i=[1+ (a+2P) K

8.5 Tides

As we have seen throughout this course, the gravitational interaction of two massive celestial bodies is usually
more complex than the Keplerian problem. One of the consequences of the finite extension of these masses is their
tidal interaction. Tides are a universal phenomenon. They concern of course the well known phenomenon of lunar
tides on Earth, but they are also acting upon other objects in the Solar System, such as the Galilean satellites of
Jupiter. Tides are also present in binary stellar systems, exoplanetary systems, and even when stars orbit supermas-
sive black holes. In this section, we provide a basic description of the phenomenon allowing to understand some



8.5. TIDES 111

of its fundamental features.

Let us consider two masses m and m/ that orbit their common center of mass C on circular orbits. We are interested
in the tidal deformation of mass m and we assume that m’ can be approximated as a point-like mass. For the time
being, we assume that m does not rotate. The latter assumption is illustrated in the left panel of Fig. 8.5, in the
frame of reference of the center of mass C.

=1

Figure 8.5: Left: orientation of the non-rotating mass m in an inertial frame of reference with respect to the center
of mass C. Right: illustration of the vectors considered in the derivation of the tidal potential.

In the (2/,y’, 2’) frame of reference attached to m, a point P at the surface of m is stationary. It’s position, in an
inertial frame of reference is given by

— — — —

CP=7F=CO+0P =7 —f

!

m -
—Y Q
m—+m

In the inertial frame of reference, OP = 77 is a constant vector (see Fig. 8.5). This implies

where g =

F=—-GNAp
and )
F=—-GAGBAD) =w?p
~ _ [G(mtm!) ~ , S

where & = / == _35——¢.,. Newton’s equation implies

- Gm/ - - [ —Gm/

Fowii= M Gy = v S (8.45)

a—r'3 |@ — 7’|

‘We note that

and

Q
=
.9
=
/N
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The latter relation is valid to second order in r'/a. Let us recall that Pj(cosf) = cos6 and Py(cos) =
% (3 cos? @ — 1). Equation 8.45 can thus be written

VU =0 (8.46)
with
!/ / 12
U = W2pr cosH—G;n <1+2P1(c039)+22]32(0050)>
! / / / ! 0 d2
- G(m;l—m) 7_7: -ar’ cosG—Gm _Gzn 7’ cosG—GmBT Ps(cos )
a m+m a a a
G / /2
— _m <1—|—T2P2(COSG)> (8.47)
a a

This tidal potential leads to an elongation of the body of mass m along the ' axis which is called tidal elongation.
We stress that the part of the potential that varies with the position of the point P has an a ~ dependence. Therefore,
the tidal force has an a3 dependence.

The radius of m now depends on 6 and can be described as a spheroid around the z’-axis (see equation 5.37):

R(6) = R (1 - §6P2(0059)> (8.48)

€ is called the ellipticity. For a spheroid, the radius at = 0 or 6§ = 7 is (1 — 2¢/3) R, whilst the radius at = +5
is (1 + ¢/3) R, such that

If € > 0, then the spheroid is said to be oblate, whilst it is prolate for ¢ < 0.

The actual deformation depends upon the elasticity of the body of mass m. In the case of the Earth, the rigidity
of the constituent material along with the above theory allow to estimate that the Moon should produce a tidal
elongation of the Earth of 31 cm, whereas the true value is close to 35 cm. The tidal pull of the Moon results in
a prolate tidal bulge with ¢ = —4.8 x 10~8 (Fitzpatrick 2012). The elongation due to the Sun is about half that
of the Moon. Whilst the Earth’s mantle responds elastically to the tidal potential, the oceans at the Earth surface
deform like a liquid and are thus subject to larger tidal elongations than the underlying land. The ocean’s tidal
bulge remains about stationary with respect to the Moon. As the Earth rotates underneath, the level of the ocean
at a specific location rises and falls down with a period near 12h25. At a given location, the amplitude of the tides
depends on the shape of the shoreline and the topology of the ocean’s basin.

The largest amplitudes are obtained when the Moon and the Sun lie approximately along a straight line which
happens at new or full moon. This situation produces so-called spring tides. When the Moon and the Sun are
located at 90° of each other, one has low amplitude tides which are called neap tides.

Let us now consider the effect of the rotation of mass m. Because of internal friction in the Earth crust and friction
between the oceans and the land, there is a time lag of about 12 min between the time when the Moon passes
overhead and the maximum of the tidal elongation. Because the Earth’s rotational velocity €2 is larger than w, the
tidal elongation is carried ahead of the Earth-Moon axis by an angle § (see Fig. 8.6).

The potential created by the Earth and accounting for the tidal bulge can then be expressed as (see equation 5.40)

, G 2¢€ R?
= _Em (1 - 5€a2 Ps(cos (0—5))) (8.49)

a
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Figure 8.6: The tidal bulge lacks behind the Moon’s position by an angle é.

The torque about the Earth’s center that the Moon experiences because of this gravitational field is given by

- - 10U’
M = —m'anvU)=-m'aey A= > €0 (8.50)
a 00 6=0
2
= —Gmm’ﬁR—cosésinée;‘/

5 a3

6¢ R?
~ —Gmm = =5 (8.51)

5 a3

Considering the Moon as a point mass on a circular orbit about the Earth, the orbital angular momentum is m’a? &.

Since € < 0 and the lag § > 0, the net effect is a positive torque that increases the Moon’s orbital angular momen-

/ . . . .
tum. As & = 4/ %e;/ the increase in angular momentum translates into an increase of the semi-major axis
of the Moon’s orbit as % ~ 4.3 x 10~ ¥ 571, Hence the Moon is slowly receding from the Earth.

We have seen above that as a result of the time lag, the torque increases the Moon’s orbital angular momentum.
However, considering the Earth-Moon system as an isolated system, subject to no external forces, the total angular
momentum (orbital + rotational) is conserved. This then implies an equal and opposite torque acting upon the
Earth and decreasing the Earth’s rotational angular momentum via the relation

ZZ/Z/ Q - —M

Applying this relation to the case of the Earth-Moon system, one finds that % ~ —8.7 x 107185~ (Fitzpatrick
2012). The length of the day should thus increase by 2.3 x 1073 s per century. The observed value is somewhat
lower (1.7 x 1073 s per century).

8.6 Spin - orbit coupling

An important question related to the rotation of celestial bodies concerns the coupling between the rotational and
orbital angular momentum. We have already briefly touched upon this issue in our discussion of the Cassini states
(Sect. 8.4) and the tidal interactions (Sect. 8.5). Here, we will investigate under what circumstances this kind of
coupling can lead to resonances.

Let us thus consider an aspherical body that orbits about a much more massive spherical object on a Keplerian
orbit of semi-major axis a and eccentricity e << 1. This situation can describe a planet orbiting a star, a moon
orbiting a planet,... Hereafter, we will call the mass of the more massive body m and that of the less massive one
m1, with mg >> m;. We express the position of the center of mass of mg using the principal axes of inertia of
my which rotate with my: ¥ = (z,y, z) with (Z,, = A) < (Z,, = B) < (Z,, = C).
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In Sect. 5.5, we have seen that the gravitational potential outside an aspherical mass can be expressed in terms of its
moments of inertia. In the principal axes of inertia, equation 5.26 can be reformulated as MacCullagh’s formula:
Gmi G(A+B+0C) 3G(Az>+By*+C2%

_ 8.52
r 273 + 270 (8.52)

U p—
The force that mq exerts on my is then obtained from
F= —myg VU

and the corresponding torque, exerted by m; upon my is

—

M=7AF

We assume that the system is isolated and thus its total angular momentum is conserved and the net torque on the
system is zero. Hence, the torque exerted by mg upon m; must be equal to —M. To simplify the problem, let
us assume that the rotation of the mass m; occurs around the z axis and that the orbital plane coincides with the
(z,y) plane. Under these assumptions, we have & = (0,0, ¢) = ¢ ¢ where ¢ is the rotation angle around €.
Euler’s third equation of rotational motion (equation 8.6) hence becomes

- 3Gmy(B—A)zy

Chp=-M, = (8.53)

rd

Let us call £ the true anomaly of my on its orbit about mg. In the principal axes of inertia, we have ¥ =
r (cos (§ — ¢),sin (£ — ¢),0). Thus equation 8.53 becomes

- 3G B—A |a® 3
b = 2;?0 — [(;3 sin (2¢) cos (2¢) — 2—3 cos (2¢) sin (2 ¢)]
5 |a® . a’ ,
= 80n 3 sin (2¢) cos (2¢) — -3 cos (2€) sin(2¢) (8.54)
withn = %, the mean orbital motion, and § = % mo’i‘)ml % as defined previously.

According to equations 6.90 and 6.91, we can develop ‘;—2 cos (2¢&) and ‘;—i sin (2 €) to first order in e as
a\? e Te
() cos(2§) = —3 cos M + cos (2M)+7 cos (3 M) + O(e?)
r
a\? e Te 9
('r) sin (2¢) = ) SinM—l—sin(QM)—l—?sin(3M)—|—(9(e )

where M = nt is the mean anomaly. We can then insert these results into equation 8.54, which leads to

b =8pn? [_26 sin(nt—2¢)+sin(2nt—2¢)+% sin (3nt—2¢) (8.55)

Equation 8.55 is highly non-linear and has no analytical solution. This equation can be solved numerically though.
An interesting way to represent the result of this numerical resolution is to use a plot in the plane (n ! b, ¢) and
to represent the system in this plane each time we have M = nt = k27 where k is an integer, i.e. each time m;
crosses its pericenter. In this way, one obtains two different types of behaviours: either the curves that represent the
evolution of the spin are open and extend over the full range of ¢ (from —= to ), or they are closed and confined
to a limited range of ¢. In the former case, there is no correlation between the spin and the orbital motion. In
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the latter case, the curves surround loci where an integer number (k) times the spin angular velocity b is equal to
another integer number (k,) times the mean orbital motion n. In these cases, there is a resonance between spin and
orbital motion. Equation 8.55 can generate three different resonances for k,/ks = 1/2, 1/1 or 3/2.

To illustrate the most important features of these resonances, let us introduce the quantity 7 = ¢ — gnt where
q = ko/ks is a constant equal to 0.5, 1 or 1.5. Inserting this into equation 8.55, we find

i = —8p3n? {{_26 cos[(2g —1)nt]+cos[(2q —2)nt] + % cos[(2q — 3)ntﬂ sin (27)

+ [_26 sin[(2¢g—1)nt] +sin{(2¢ — 2)nt] + % sin[(2q — 3) nt]] cos (2 77)} (8.56)

If we average equation 8.56 over kg orbital periods, assuming that n is small, we obtain the following results:
¢q=05 = f=48en®sin(2n) (8.57)
¢g=10 = ij=-883n%sin(27) (8.58)
¢g=15 = ij=—-28Fen?sin(27) (8.59)

which, after multiplication by 7, and accounting for the fact that = qﬁ — gn can be integrated into

=05 = (n'¢—052+4Becos(2¢—nt)=FE (8.60)
=10 = (n'¢—-12—-8Fcos(2¢—2nt)=E (8.61)
=15 = (n'¢—152—-28Fecos(2¢—3nt)=E (8.62)

where F is a constant.

Figure 8.7: Spin - orbit resonance for § = 0.002
and e = 0.05. The minimum values of E (E,,in)
for the ¢ = 0.5, 1.0 or 1.5 resonances are —4 e 3,
—8 0 and —28 ¢ 3, respectively. The different con-
tours correspond to these minimum values (blue),
E = 0.0 (cyan), —FEyiy (black), —2 E,,;, (ma-
genta) and —4 E,,;,, (red).

n! d¢/dt

Figure 8.7 illustrates the contours of equal E in the (n ! (;'5, ¢/) plane for M = nt = k2 (i.e. pericenter pas-
sage). One can clearly distinguish the closed and open contours. The Moon (3 ~ 0.000425, e = 0.055) constitutes
an example of a ¢ = 1 resonance. Due to the tidal interaction with the Earth, the Moon’s rotation was slowed until
it got trapped in the resonance. An example of the ¢ = 1.5 resonance is provided by planet Mercury.

When the 3 parameter increases (i.e. for highly non-spherical bodies), the separation between the closed contours
around the different resonances decreases. This situation can lead to resonance overlap that destroys the closed
curves and thus prevents spin-orbit resonance.
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