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Chapter I: A brief history of celestial mechanics

One of the main problems of ancient
astronomy was to predict the position of
« wandering stars » (Sun, Moon, planets).

Until the 16 century: geocentric model
described by Claudius Ptolemeus (85 — 165)

Epicycles, deferents and equants.




Chapter I: A brief history of celestial mechanics

1543: publication of De
revolutionibus orbium coelestium
by Nicolas Copernicus (1473 —
1543).

Heliocentric model but still based |
on epicycles and deferents.




Chapter I: A brief history of celestial mechanics

Tycho Brahe (1546 — 1601) collected very accurate (for that
time) astrometric observations and proposed an alternative
geo-heliocentric model.
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Chapter I: A brief history of celestial mechanics

The perturbation of the comet’s
motion due to Jupiter and Saturn
requires to deal with the problem
of more than two bodies.

The first formulation of this
problem was due to Leonhard
Euler (1707 — 1783) who
developed several mathematical
tools for the solution of
mechanical problems.

The N-body problem became the

main research topic in mechanics.
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Chapter I: A brief history of celestial
mechanics

The motion of Uranus (discovered
In 1781) was perturbed by an
unknown planet.

Based on the recorded positions
of Uranus, Urbain Le Verrier
(1811 — 1877) predicted the
position of the unknown planet
(Neptune) that was discovered In
September 1846 by Galle and
d’Arrest at the predicted position.



Chapter I: A brief history of celestial mechanics

And the story isn’t over...

Although General Relativity has replaced Newton’s theory
for the description of strong gravitational interactions,
celestial mechanics remains a highly important research
topic: the long-term stability of the Solar System, planetary
and exo-planetary migrations, resonances, the study of
rotation... are only a few examples of topics that are still at
the forefront of research.
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Chapter II: The two-body problem

Inertial frame of reference: Oxyz
Newton’s equations (d = [M;M,|)

G mqmo
d3
G myms

dS

mi Ojf 1= ﬂ"{ljﬁ“{‘z

MM

mo OMNMy = —

mi oy I + m2 OM, =OC =idt+b

mi + mo mi + mso
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Chapter Il: The two-body problem

Inertial frame of reference tied to the centre of mass C:

Gms 7
>
(mq +mg)? 71

G -m."% Q

———>5 3
(my1 +m2)* ry

(mn 1{ j ms) MM,
d-

MMy = —
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Chapter Il: The two-body problem

Newton’s equation for a unit mass under the influence of a




Chapter Il: The two-body problem

Polar coordinates in the plane of the motion:
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Chapter Il: The two-body problem

Only variable vector €. Hodograph = locus of the end Q of the
velocity vector:  |FEIR

—_—

— F=hA (r + €;)
[ | |

For a Keplerian motion, the hodograph is a circle.
Equation of the trajectory:
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Chapter Il: The two-body problem

(“1"

14ecos(v—w)
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Chapter Il: The two-body problem

*  Trajectory = conic section : Kepler’s 15t law
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Chapter Il: The two-body problem

Trajectory = conical section :
Circleife =0, & = -p?/(2h?)
Ellipseif0<e <1, -p?/(2h?) <& <0
Parabolaife=1,& =0

Hyperbolaife>1,& >0

—

Whatever the nature of the conic: |1 | =€
h? 1

zl#—e COS @

1+e
e —
1 +e coso
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2.1 Case of the ellipse




2.1 Case of the ellipse

Trajectory = ellipse :
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2.1 Case of the ellipse

r =a(l—ecos E) : eccentric anomaly

V1—e?2sink

1 —e cos K




2.1 Case of the ellipse

Hodograph: centre of force inside the circle
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2.2 Case of the parabola
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2.2 Case of the parabola

Hodograph: centre of force located on the circle (¢ between 0O
and )
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2.3 Case of the hyperbola

a(e? —1)

Trajectory = hyperbola r— N\ T )
. A I 1+ e coso

[L

272 =L (p? +2ra—+ a?) — pae’
—\ ) —F

L
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2.3 Case of the hyperbola

«  Hodograph: centre of force located outside the circle

ORI | arccos —1 /e, 27 — arccos —1/¢|

AS



2.4 Elements of the orbit

«  Solution can be described by 6 + 1 parameters:




2.4 Elements of the orbit

r[cos € cos (w+ ¢) — sin 2 sin (w + ¢) cos i
r[8in 2 cos (w + @) 4+ cos ) sin (w + @) cos i

r[sini sin (w + ¢)]

7 [cos 2 cos (w + ¢) —sin € sin (w + @) cosi] — —[cos €2 sin (w + ¢) + sin €2 cos (w + @) cos ]

7 [sin €2 cos (w+ &) + cosQ sin (w + ¢) cosi] — — [sin Q sin (w + &) — cosQ cos (w + @) cos ]

-
-

7 [sini sin (w + ¢)] + — [sini cos (w + ¢)]
. . |
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2.4 Elements of the orbit

Planets of the Solar System:

Planet a 2 i Q w Lo n
(AU) (°) (°) (°) (°)  (arcsecday™")
“Mercury  0.3871 0.2056 7.00 4833 7746 25225 1473242

Venus 0.7233 0.0068 3.39 76.68 131.56 181.98 5767.67
Earth 1.0000 0.0167 - — 102,94 100.47 3548.19
Mars 1.5237 0.0934 1.85 4956 336.06 35543 1886.52
Jupiter  5.2028 0.0485 1.30 10046 1433  34.35 299.128
Saturn 0.5388 0.0555 249 113.66 93.06 50.08 120.455
Uranus  19.182 0.0463 077 7401 173.00 314.05 42.231]

Neptune 30.058 0.0090 1.77 131.78 48.12 304.39 21.534
Pluto 39.44  0.2485 17.33 1107 2246  237.7 14.3

Lo =w+n(ty—to)

L=Lyg+n '::f — tEl :}
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2.5 Example of the limits of the 2-body problem: the
Roche limit

In the two-body problem, the masses are assumed to behave as
point-like masses. To what extent is this a valid assumption?

In principle, a (solid) spherically-symmetric body behaves as a
point-like mass.

There are two problems though: non-spherical distribution of
the matter inside the body and tidal forces that overcome the
body’s self-gravity.

The 1ssue of non-spherical mass distributions will be dealt with
In chapter V. Here we focus on the problem of the competition
between tidal forces and self-gravity.
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2.5 Example of the limits of the 2-body problem: the
Roche limit
Consider two bodies of masses M (planet) and m (moon) with
M >>m.

The Roche radius is the minimum distance between the masses
below which the body of mass m will break down under the
Influence of the tidal force produced by the body of mass M
that overcomes the self gravity of the smaller body.
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2.5 Example of the limits of the 2-body problem: the
Roche limit

 Let’s assume a rigid satellite (1t does not change its shape) held
together by self-gravity, and rotating synchronously.

T TN (G AT))

« Aslong as the small mass dm remains attached to the satellite,
Its relative acceleration and velocity are both zero. 37



2.5 Example of the limits of the 2-body problem: the
Roche limit

Newton’s equation:
GMom _ GModém _, Gm 0 m
- = e

ér + N

OMmT = —

d3 ") (d—r)2  r?

M . M
1—— — — (1 ol
d“( u'] d“( te

B 3Mr n m
3 2




2.5 Example of the limits of the 2-body problem: the
Roche limit
“Fluid” satellite (1t changes its shape under the effect of the

tidal attraction of M) represented by two spheres of radius r
and mass m, rotating synchronously.

.- Mm sMm . GEmm

mi = — r = — er + e + N

El i-_.J y "
d3 e 4 r2
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2.5 Example of the limits of the 2-body problem: the
Roche limit

= + M m

mi= ——m 3 ‘M

M n m
(d — 3')3 42
r. M

' m

S -0 - a+20)+

d? d’ 492
m
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Chapter I1l: Lagrangian and Hamiltonian mechanics

The Lagrangian formalism

* @;j=1.., ngeneralized coordinates
- : d (0L oL 0
. Principle of virtual works: it \ 9g, o0, = (

. Lagrangian: pa

« 2" order differential equations in a space of dimension n

41



Chapter I11: Lagrangian and Hamiltonian mechanics

The Hamiltonian formalism
«  First order differential equations in a space of dimension 2 n

d (0L oLr
dt \ 9; dq; o

42



Chapter I11: Lagrangian and Hamiltonian mechanics

Hamilton’s canonical equations:

If the forces derive from a potential U (independent of dj):

If the Hamiltonian does not depend explicitly on certain variables, the
Integration of the canonical equations relative to the conjugated
variables is straightforward.
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Chapter I11: Lagrangian and Hamiltonian mechanics

The Hamilton Jacobi method:

. Find a new set of variables that preserves the canonical form of
Hamilton’s equations and simplifies the expression of the Hamiltonian.

25, k) = —yj, o] = O
5, 2] = [y, 4] = 0

zn: 0 fi s, Gi 9, fi 9, Hz)
"\ Ju Ov ov Ju

=1

44



Chapter I11: Lagrangian and Hamiltonian mechanics
The Hamilton Jacobi method:

T

Z (pjdg; + x;dy;) + F* dt = dG

j=1

. If we choose the new Hamiltonian to be

then, the generating function G(g;,y;,t) must be such that

45




Chapter I11: Lagrangian and Hamiltonian mechanics

«  Application to the two-body problem:

Let IT be the instantaneous plane of the
motion, perpendicular to the OZ’ axis.
The position of P is described by the
polar coordinates in the plane.

Absolute position given by (r, 0, v, v)

= Angular velocity vector:

46
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Chapter I11: Lagrangian and Hamiltonian mechanics

- -
— . T ~~

F = / SIn

|




Chapter I11: Lagrangian and Hamiltonian mechanics

fi} £ a0 ¢ . \
~ 2 (0 cos? Y4 cosy) —r

’ (4 sin ¥ =6-sinsy.

oL

(4
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Chapter I11: Lagrangian and Hamiltonian mechanics

(W2 4-T2) sin®~ + (0 — W cosv)? o

r3 sin? ¥ r2

© — W cos~) cosn
( y Y

r2 sin? ~

——— =0
oY
dH ©—WVcosy

r2 sin® ~

— =0
Rl

OH (0 — W cosv)? cosny (©—Wcosy) ¥

r2 sin® ¥ r2 sin -~y



Chapter I11: Lagrangian and Hamiltonian mechanics

O—W cos~y
¥ .} 1 y 2
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Chapter I11: Lagrangian and Hamiltonian mechanics

The Hamiltonian does not depend on v, 0, y and t.

©=h =hcosi

I'=0

The variables y and I are not needed to describe the status of
the system and can thus be discarded.
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Chapter I11: Lagrangian and Hamiltonian mechanics

The Delaunay canonical elements:

«  We search a set of canonical variables (d,, d,, ds, Py, Py, P3) Such that
q,= t—t; and all other variables are constants.

(:ﬁ?}(:‘)3+ 1 '&'—‘)G)Q

= C; — h" i.T'“ + h"f E_z + GI (i'ﬁ"| R 'E:r } 2-':' o )
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Chapter I11: Lagrangian and Hamiltonian mechanics

G=hy+hQ+G(r,— —,e,h,—)

with
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Chapter I11: Lagrangian and Hamiltonian mechanics

= 1, IS the time of pericenter or apocenter passage. Here we
choose the pericenter.
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Chapter I11: Lagrangian and Hamiltonian mechanics

), v/ pa(l —e?) cosi)
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Chapter I11: Lagrangian and Hamiltonian mechanics

(l,9,0,L,G,0) = (M,w,Q,/a, ), v/ pa (1 —e?) cosi)

The Delaunay elements become ill-defined if e is close to 0 and/or i
IS close to 0° or 180°

= Poincareée elements:

V2(L —G) cos(g+90)
V2(G = ©) cosh

l+g+0

V2(G —©) sind
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Chapter IV: Expanding the elliptical motion in series of e

The Bessel functions of the first kind:

Bessel’s differential equation:

S d? f(x 1f(x
LI df()

dr? da

+ (2 —a®) f(x) =0

O (_ 1) m T 2m—+s
m!(m + s)! (E)

L FTEY I X
N _,_.x-""'_:.::“w._
o : \J-t'.""n";.‘}e:. ) —_—

BN SN S T,
.i"{'- . X
ﬂ‘ " .F.. A




Chapter IV: Expanding the elliptical motion in series of e

The Bessel functions of the first kind:
. Important properties:




4.1 Expanding into Fourier series

The majority of important quantities of an elliptical orbit (e <
1) are periodic functions of ¢, E or M of period 2.

These functions can thus be expanded into Fourier series:

i + 00
flu) = H?U + Z (ar, cos (ku) + by sin (kwu))

k=1
with
1 /M ._ ._
aj, = — f(u) cos(ku)du E=0,1,2,..

J —T

1 M o
b, = — flu) sin (ku) du k=12, ..
P —
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4.1 Expanding into Fourier series

Examples of Fourier expansions:
«  Consider the quantity a/r:

. It’s an even function of the variables ¢, Eor M = b, =0

ntl +m ¢ ) )
| > [ffa o
T dM’ + E (— / = cos (k M") dM ") cos (k M)
.'r“ k:]_ ?T . U .-ri

cos (kM)

#

L= 143 20(ke) cos (kM)
ra
k=1
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4.1 Expanding into Fourier series

Examples of Fourier expansions:

14 Z 2 Jy(ke) cos (kM) =

r

«  General expression of cos(pE) and sin(pE):

cos (pF) % 1 + Z P ];L__p(k e) — ]LJFP(A e)) cos (kM)
k= 1

sin (p E) i (Jep(k €) + Jrypp(ke)) sin (k M)
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4.1 Expanding into Fourier series

Examples of Fourier expansmns
s .

cos(pE) = by0— =1 +Z By (Jip(ke) = Tipp(ke)) cos (kM)

2 k= 1

« r=a(l-ecosE)& |FEEECEa

COs @O =
| 1 —e cos

r | 3¢ X2
- cos @ = — -+ Z z Jff_(__k ) cos (k M)

62




4.1 Expanding into Fourier series

Examples of Fourier expansmns
s .

cos(pE) = by0— =1 +Z By (Jip(ke) = Tipp(ke)) cos (kM)

2 k= 1

&r=a(l-ecosE)

. o2
R can—1+——2e Z - Ji.(k €) cos (k M)

= 1
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4.2 The d’ Alembert characteristics

If e is a small guantity what can we say about the different
terms of the Fourier series?

Bessel functions: |- UL
J(r) =3 — (2)

5

m!(m + s)!

m=0
of the order of xisl = the cos(sM) and sin(sM) terms in the
expressions of cos (pE) and sin(pE) are multiplied by terms of
order els*P
A Fourier series possesses the d’Alembert characteristics of
degree p, If the dominant term of this series corresponds to the
pth harmonics. Such a series can be written:

I sp(e) exp (i k M)

64



4.3 Development into asymptotic series of e

If e is a small quantity, we can restrict ourselves to a limited
number of terms in the Bessel functions...

65



4.3 Development into asymptotic series of e

If e is a small quantity, we can restrict ourselves to a limited
number of terms in the Bessel functions and their derivatives.

S (5)7

1=0

e 83 5

e
— — O(e’
> 16 T 382 TO€)
e

2 et 6 %
C_E L Lo
>~ ¢ T o)
9e3  81¢° .
. (e’
6 ang Ol
2 e Seb
3 15
625 b |
O JT
G

81 e
O
0 (e”)

+O(e®)




4.3 Development into asymptotic series of e

Examples of developments into asymptotic series:

‘2
r
—=1-c CGHE—1+E—ZE LX:l J).(ke) cos (k M)

i}

3¢ 5ed 2 et 36’ 4be” o
l—I—— (t—? l(p)cu U—(——;)cua(jﬂ-{)—(?— 9 ) cos (3 M)
et . 125e

—_ oC 4 M - !)
3 LUS(__—l"J] 384 Cus( Ur]—I—(.{t)

These developments are not absolutely converging for all
values of e < 1!
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4.3 Development into asymptotic series of e

«  Examples of developments into asymptotic series:

S 143 204 (ke) cos (kM)
.
k=1

et 0 3 S1e®

o5 o8 M 4 (¢ = S cos (20) + (- = =) cos (3M)

FALS

4et 625 ¢”

—l_T cos (4 M) + 354 cos (5 M) + @(E::B)
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4.3 Development into asymptotic series of e

«  Examples of developments into asymptotic series:

1*]:;,‘ ] c0s ( 3] I}
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4.3 Development into asymptotic series of e

«  Examples of developments into asymptotic series:

) sing = /1 — €2 Z — Ji(ke) sin (kM)
a Loe M0 KV

5 3e2 Kled

1o top)sinCM) + (05— qgg) sin(BM)
_J..l ]'-I' 1.
— sin (b M) + "[‘; sin (6 M) 4+ O(e ]

all

SN | s
[ }

—_—

[
(v s
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Chapter V: The forces acting on a body In space

The associated Legendre functions:
General Legendre differential equatlon

( l — - ) P / 2 (_{n_|_p .
 on 1 x°
2" n! dpnrp;

. For p = 0, we get the associated Legendre polynomials

L d"

Py ( L ) — ( 2 l) n

2! dxn
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Chapter V: The forces acting on a body In space

«  Associated Legendre functions:

PR =310

. Recurrence relations:
p) PP (2) = (2n+ 1) 2 PP (x) + (n +p) PP (x) = 0

— Pi,gwl) (2)+(n—p)(n+p+1) R{ip) () =10
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5.1 The gravitational potential

A point-like mass (at O) produces a potential at P (different
from O):

73



5.1 The gravitational potential

e  Continuous mass-distribution of density p: dm = p(Q)dV
Z . .

AU(P) = —47 G p(P)

UP)=U(r,0,)\) = PP ( A)

7

—> Spherical coordinates (r, 6, A) with 0 the
latitude and A the longitude.

1 0 , 0U" 1 0 U | 0*U
2O k’ ) + r2 cosB 06 \{ o 00 i r2 cos? 0 ON?

i_;__)] T



5.1 The gravitational potential

Poisson’s equation:

o —GM X (6.0
AU(P) = J(P)=U(r,0.)) = — Z —

n=~0

L PWa(0,N) | 0°Wa(6.))

cos? 6 ON\2 062 ' BY:

n(n+1)W,(0,\)+ — tan @ =0

W,.(8,4) periodic function of S +00 1
A \?vith a period 2m: Wa(0.A) = Z QP (0) exp (jpA)

p=—00
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5.1 The gravitational potential

1 DPWL(0,)) 92T, (0,\) OW,(6,)\)

— tané = ()

n(n—+1)W,(6,\)+

cos2 6 ON2 * 06> 06




5.1 The gravitational potential

9

p-

1 — s2

| QP (s) — 25

n(n+1)—

Identical to

G M T O\ DA
Z Z P fp .'-5111 H) [En-p COS {1” A ) + Snp Sin (1“ A )]
prn | | ' | |

11=I0) p—[l

1 s
e I —J, P,(sin#) + Ej PP/ (sin ) [eny cos (pA) + s,y sin(pA)]
p=1
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5.1 The gravitational potential

L—%PtmﬂH+TﬂPWhmeﬁ
p=1

ap COS (P A) + s,y sin(p A)] })

GM (m?s—2) Uhnlﬂ" ’HJlHL l’n;l“'
R. (km) 6378 3397 71398

0.001083 | 0.001964 | 0.01475

1.5710°% | —5.510°°
—0.9010°% | 3.110°°
—25310°% | 36107

2.1910-° 2.910-°
0.27 109 2.610°7° 41070
—1.6210°6 ~5810°% | —1.010°°

IS no longer a radial vector
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5.1 The gravitational potential

w Tl i)
- ) { —Jn Pu(sinf) + 3" PP)(sin6) [eny, cos (pA) + s,y sin (pA)]

F':l

For a given planet, the coefficients of this expression depend upon
the internal distribution of matter (moments of inertia).
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5.1 The gravitational potential

Let us assume that the planet rotates as a solid body.
The flattening of the planet depends on J, and the rotational velocity.

In the frame of reference rotating
with the planet: potential due to
centrifugal force:

G M R g2 ii sin2 @ — l) - ‘lwz r? cos? 6

r3 2 2’2
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5.1 The gravitational potential

For a body with rotational symmetry about the z” axis, ¢, and s, are

zero, and " RE) /0
Jp = HTRm [ lehlnf?){naﬁ (f ( !
/2 0

R e

222 — 2% — 2
: p—————dV

/2

2T

3172 |, P2sin®) cosO( [D o dr) do

For a uniform density, this yields:

3 /2 3 (/2 10
Ps(sin @) U}HHR(Q) df ~ —— Ps(sin®) cosf [1 — —fpj(ﬂll@)] d6

C10R2R3, oy 10 J_njo



5.1 The gravitational potential

Legendre polynomials are orthogonal, hence

/2 10
Ps(sinf) cosf [1 — 3 e Po(sin @)] df

r

?

GM (1 ) RZ

€ P5(sin 9)) - O(FE)

GM

IS G M Jo R?

R(0) R(0)? Ps(sin 9))

Equilibrium (U=Cst over the surface) implies a spherical shape for a
fluid, non-rotating body! 85



5.1 The gravitational potential

Accurate predictions of the motions of satellites require a
large number of terms in the expression of the potential: n =
360 in the EGM96 model.

-100 -80 -60 -40 -20 0 20 40 60 80
EGM96 geoid heights in m.
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5.2 The drag force due to the residual atmosphere

Body moving at relative
VvelocCity EpaEEueiy

dV = S(t) || dt

84



5.3 Radiation pressure

Similar reasoning as for the
drag force:

Direct solar light +
reflection by the planet

85



Kepler’'s Second Light: How K2 Will Work

Solar Panels ‘

Photons of sunlight exert pressure
on the spacecraft. If properly
positioned, the spacecraft
can be balanced against the
pressure much as a
pencil can be balanced
on your finger.

Solar Balance
Ridge Reaction
Wheel 1

TOP-DOWN VIEWS OF SPACECRAFT
UNSTABLE STABLE

Solar Balance
Ridge

Solar Panels

Balanced
{

When the spacecraft is balanced, the telescope is

stable enough to monitor distant stars in search

of transiting planets. A specific portion of the sky is
studied for approximately 83 days, until it is necessary

to rotate the spacecraft to prevent sunlight from entering
the telescope. There are approximately 4.5 viewing periods
or campaigns per orbit or year.

Spacecraft rotated
to prevent sunlight from
entering telescope

ay 1
\Solar panel

illuminated
START

CONCEPTUAL ILLUSTRATION OF SPACECRAFT
SOLAR DISTURBANCE. THE ACTUAL DISTURBANCE
IS DUE TO PHOTON PRESSURE, NOT SOLAR WIND.




Chapter VI: Perturbations of the Keplerian motion

Consider the following equation:

The solution of a Keplerian problem can be written as either

« acombination of a conical section and a hodograph (6-dimensional
space of the geometrical coordinates and the coordinates of the velocity
vector). Representation of the orbit = 2 curves in two 3-dimensional
subspaces.

«  the elements of the orbit (e.g. 6-dimensional space of Delaunay).
Representation of the orbit = single point in a 6-dimensional space.
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Chapter VI: Perturbations of the Keplerian motion

When the problem becomes non-Keplerian, we define an
osculating orbit at time t = the Keplerian trajectory with the
same velocity and same position as the real trajectory at time t.
The mass would follow this orbit if the non-Keplerian forces
would disappear at time t.

At each moment, one can define the 6 elements of the
osculating orbit. However, these elements are no longer
constant as a function of time and the point that describes the

osculating orbit in the Delaunay space changes with time =
Method of the variations of the parameters.
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Chapter VI: Perturbations of the Keplerian motion

Example: osculating S T N N S g
orbits of Smart 1 upon D0 N .S T, Wlwes =

its approach to the N e —
Moon.

10000




0.1 Method of the variations of the parameters and ...

«  For a Keplerian trajectory, we express the coordinates and the
velocities as a function of the elements of the orbit:

r;=x(a,e i, Quw,tot) u; = uj;(a, e, t,Q w,to,t)

. i O u L T 5 : :
. With [ e | for a Keplerian motion

(l;'z:j _ f):zrj da 8:133-@

dt da dt i de dt LR Oto dt

du;, OJu;da Ou;de du;dtg Ou;
J j J jdic Uj

dt da dt + e dt L dto dt ffh‘

90



0.1 Method of the variations of the parameters and ...

System of 6 equations allowing to determine the time
derivatives of the 6 osculating elements:

drijda Odzjde dxjdig

Jujda Oujde du; dtg

Do di | de di T ot dr

/ The partial derivatives need to be computed
following the relations of the Keplerian motion.
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0.1... Gauss equations

Alternative approach: distinguish between the Keplerian and
non-Keplerian part of the temporal variation of a quantity X:

dX (d X ) 0X
dt  \ dt Kepler ot
I

For the osculating orbit, we get: —
& 57
ﬁf 0 ot =P

For the angular momentum, Laplace integral and energy, we




0.1 ... Gauss equations

Instantaneous angular velocity of the osculating motion:
11
“Y e () cosi+ @) e

Lep = — ex +£2 sinieys +
df

ih S0 T
% =hez + QAN

d (e up AT
(._ 0 ) — € 'lrt] + Q ;'ﬁ"x E
dt

;_
Id

hQsini = 7 e [
pe = 2(F-P)(F-u) - (7-7) (P

7 7) (P vp) — ( .

X =7rsin(¢+w)ez -
U

0) —

jre (@ + Q cosi)
p
2 a?

(




0.1 ... Gauss equations
Variation of the mean anomaly, Keplerian part

M = n(t) = V1 —e? (@ +Q cosi) -

We express the force in cylindrical coordinates:

P=Ré +T¢é,+Wez
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0.1 ... Gauss equations

Gauss equations: P=Ré. +Teé,+Wez

la® 2
a = Resino)+T (1 + e cosao

(1 — 2
& = \/a( e){Rsingﬁ+T[cos¢+ .
(i

[

rsin (w + ¢@)
Vap(l—e?)sini
a(l —e?) | | T r sin (w + @)
—R cosp+ T sino (1 -

r 2r

-

W

cot: W

1 — e2

n(t) — \/€ [—R coso+ T sing (1 +
e 0 a(




6.1.1 Application to atmospheric drag

S 5 [1+82+26005¢)r

a=—Cp—pna
m P 1 — e2

na \/1 +e2+2e cos (e +coso)
— e2

A

S na
m’eVi— e
“sing 1+ e? +e cosd

: S
M =n(t) + Dmpna\/ et +2ecosgp— —

o= —Cp V1+e2+2¢ cosg sing




6.1.1 Application to atmospheric drag

This delimits the zone for atmospheric re-entry of space debris

e.g. defunct Chinese space station Tiangong-1 in April 2018:

@
o
-
<
=
et
c
v
)
o
o
—
c
[
-
o
a
-
o
c
o
o
c
©
=

um_..«viON

q i
‘ r

=
Y

Ip

s P
ov ,..-—-

¥ “.-_-.

g . :
1
it )& -

.
,.(‘40‘

sﬁv&
vc%

-—-
%.-_

0

40 20
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Impact probability [%]
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6.1.1 Application to the J, term of the geopotential

Conservative force: with

(GU’ 1 oU’ 18U’)
or '7(0%9 OXN " r 06

R; 3 R;
(J2 p— (5 sin 6§ — 5) 0,—3.J5 ;u—,e sin 6 cos )
rd

R“ 3.

R=. ps (E sin” @ — E)

RH
T'= =3 Jyp— siné cosf sin 3
re
2
—3 Jo p—r sin6 cos @ cos (3
.'r'*




6.1.1 Application to the J, term of the geopotential

sinf = sin sin (w + )

. . . « 2. . -' [ ‘ A
sinf cos @ sin 3 = sin” ¢ sin (w + ¢) cos (w + @)

sinf cos# cos 3 =sini cosi sin (w + o)
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6.1.1 Application to the J, term of the geopotential
sinf = sini sin (w + ¢) R? (E in2g ;)

R = Jz,u

sinf cos @ sin 3 = sin” ¢ sin (w + ¢) cos (w + @)

sinf cos# cos 3 =sini cosi sin (w + o) T =-3J]u R sin @ cos @ sin 3
r4

RZ
W = —3.Jo p—F sinf cost cos
r

— (3 sin® i sin® (w+o)—1)

RZ
T'=-3.J Ju—f‘ sin?i sin

(uJ + (f)) COSs (uJ + (D)

RZ
—3.J5 ,u—_f‘ sini cosi sin (w + ¢)
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6.1.1 Application to the J, term of the geopotential
Using the Gauss equations:

3hna [R\?/a\! 2. . . |
— esin“i(6sing —5Hsin(2w+30)+sin(2w+ ¢))
4\;1_32(3) (?) [ '

—4de 5111@}——1 Siﬂz‘f sin (2'-#"'_2@)]

3 5 (R\? (a)\* . . . . 2. . .
ngn.\fl—ez (—) ) [6 sin i sin¢ — 5 sin® i sin (2w + 3¢) +sini sin (2w + ¢) — 4 sinqb}
a

sin“i [2e sin (2w 4+ 2¢) +sin (2w + @) + sin (2w 4 3 ¢)]

sini cosi sin (2w + 2 o)

cost(l —cos (2w +29¢))

: 1
(g) [4 cos ¢ — sin” i (6 cos ¢ —5 cos (2w + 3¢) — cos (2w+¢5)}]

3
E) sin i [cos (2w 4 3¢) — cos (2w + ¢)] + €2 cosi

) VT @ @+ eosi) 4 30 (2)(4) [ Banti (1 eos 20 420)

a T




6.2 The Lagrange equations

Hamiltonian of the Keplerian problem with the canonical
Delaunay elements: 2

2) o/ pa(l —e?) cosi)

If the force P is conservative (potential U’), then the new
Hamiltonian can be expressed as:
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6.2 The Lagrange equations

(1,9.0, L, G, ©) = (M,w, @, /i@, pa (1 = ¢2),\/pa (1 = ¢2) cosi)

pna=1L* = puda=2LdL

2Ld.L_ 2 oU’
 na OM

V1—e2 00U

€

AL h dG] 1[e2—10U
(pa)®? dt  pa dt
1 [E‘)U" _E?U"]

— COS 1

oS ow

na?v'1 — e? sini

na? OM +

na?® Ow




6.2 The Lagrange equations

(1,9.0, L, G, ©) = (M,w, @, /i@, pa (1 = ¢2),\/pa (1 = ¢2) cosi)

pna=1L* = puda=2LdL

—1
na2v1 —e2 sini 0i
oU" o1  oU' Oe cos i U V1 —e2 00U’
Jdi OG + de 0G na2v1 — e2 sini i " nale Oe
12 U 0a 00U De 2 U 1—¢e2 00U’

=n(t
(#a-)3/2+ da OL " 9e oL ?1()+?1a da e e




6.2 The Lagrange equations

«  More compact formulation of the Lagrange equations
(antisymmetric matrix):
0
0
0

0

1
v 1—e? sini

0
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6.3 Differential equations depending on a small parameter

 Letn be a small parameter and consider the differential
equation

e Ifn =0, this equation has the solution x,(t). We seek solutions
of the kind

dxg dxry

+n m flxg+nxy+ n?ao+ ...t 0+ n)

. 1()3f

”“WTU+d£ﬁN1+nlv+ )+2dmﬁﬂl+n)7+ )?

o2 f 10? f .
+ (o140 zg + .. )?H— no
dxg O 2 On? =0
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6.3 Differential equations depending on a small parameter

Comparing the coefficients of the different powers of n, we
find that:

Tl 3
Oxg On

2f  10f
2 On? _
n=~0

These equations depend on n + 1 constants of integration,
whereas the original equation depends on a single constant of
Integration.
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6.3 Differential equations depending on a small parameter
«  Determination of the constants of integration.

z(t,n) = zo(t,ap) + nay(t,ar) + 92 2a(t,az) + ... + 9" 2, (¢, o) + O(n" )

IVERE (o, ag) = Xo = x(to) zi(tg, ;) =0 Vj=1,...n
2. We only add a single constant to the solution of the first equation

I(f_-}_ 'tﬂ(f tl:lj)—|—i’}‘11{ ]—|—J"I-' I:{ ]—I— —|—r;,l *1“( )_|_C_|{ ?H-I—l]

and we require that:

r(to) = Xo = zo(to, a0) + nx1(to) + 1° x2(to) + ... + 7™ 2, (to) + O(n™ )

«  Both methods are equivalent to each other at the order n".
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6.4 Secular, periodic and mixed terms

e  Suppose that the force P is conservative (potential U’) and
represents a small perturbation (parameter n):

_?}Z Z 2 I:(*( } a,e, E _}_?}L “((L €. E)—{—] COE(}Q—{—A@—{—ZJI)

j=0 k=0 [=0

«  We express the variations of the metric elements (a, €, 1)
through the Lagrange equations:

o =1 Z Z Z [{M a,e,i) +n {;“(u e, 1) + ] sin(jQ+kw+1M)
7=0 k=0 [=0

* Inthe same way for the angular elements (Q, w, M):

5m+nz Z Z[ rlasei —f—?}BM(u . z)+...] cos (jQ+kw+1M)
3=0 k=0 [=0

n(t) = nglag) + 42 (ay n + as 1? + .. )+i i, (arn+asn® +...)% + ...

dag
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6.4 Secular, periodic and mixed terms
We are searching solutions of the kind
a(t,n) = ag+nay(t)+n° as(t) + ...
At 0" orderinn: [

At 0 order, the osculating elements are either constants or
linear function of time (M): JY SRR

At 15t order for the metric elements:

a] = Z Z Z ﬁl{i} (@0, €0, i) sin (7 Qo + kwo + [ Mp)

7j=0 k=0 [=0

. ' ;LI (@, e, ig) cos (j Qo + kwy + [ M)

ap=—)Y_ Z Z [ ng

j=0 k=0 =1
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6.4 Secular, periodic and mixed terms
« At 1%t order for the angular elements:

dn

51 = —ay 531! —f—Bg”?;(ﬂn €0, EU +Z Z Z BJ;J UU €0, 30) Ccos (j Qo + kwo +ff\fn)

dag e

Given the expression of a,, we obtain:

dl = B[(IUE] {I[], €0, E[] —}— Z Z Z B (L[], €0, E[]) COH( ﬁ[] + k wn —f— [ J[U)
j=0 k=0 [=1

. :_{_ﬂ. (ag, €q,ig) sin (j Qo + kwo + 1 M)

[ ng

Secular term
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6.4 Secular, periodic and mixed terms
« At 2"d order for the metric elements:

" oAl oAl oAl ] |
Ajalao, €o,io) + —===a1 + €1+ ——i1| sin(j o + kwo + 1 Mo)

dag Be 0 Fig
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6.4 Secular, periodic and mixed terms

JA§ 2”0' order {o]§ the metric elements:

Z Z Z ”HLHE'H a[] €0, Z[]) sin (j Q + k” i —+ Z” AI[])

== k'M'=—oc I""=—¢

+Z Z Z Alji(ag,eq, i)t cos (j Qo + kwy + 1 M)
j=0 k=0 =0

v o= — Y

00
j'=—00 k'

cos (7" Qo + K" wo + 1" My)

Mixed term
t sin (j Qo+ kwo + lfﬂo)

'MS

ZOO: A;fnkui‘_n (a-[]g. E[]:. z[])
"
. [" ng

JH—=_

'=—o0
. Alrf‘
J

[ ng

2 L[]8

;;3('510: €0, iD)
(

.lr -
Ajkg ag, €0, io)
2.2
[=nj

cos (j Qo + kwy + [ M)

[
[

L[]

I
o

D)
j=0 k=0
3
j=0 k=0

The increase with time of the mixed term restricts the validity of the

development.



6.4 Secular, periodic and mixed terms

How can we get rid of the mixed terms?
Asymptotic development limited to N terms.

N

Bo+nBt+ Y n" b

n=1

The overlined quantities in the expressions of the angular
elements are constants (angular velocities) that need to be
determined.
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6.4 Secular, periodic and mixed terms

We introduce the arguments of the trigonometric functions:
J Qo + kwo + 1 My
JQ+kw+IM
7, + kw, + 1M,

(1 —f—?]z *1. M((Ln €0, En)}

X sin (Vi + 07t + 1 7jk)

dn 1d*n
Go+nBL+nBa+n0L+ 1% 0 = n(ao) dgar + — (nay + i (h) dgnr + =

dan > da? (nai +n*az)? da)

+ZZZ ’?BEL} (a0, €0, i0) + 17 Z 5 } ~ay +° B{m(a“ €g,ig)| cos (’}Jou +""}Tjkzt+?'?’}";kz..

=0 k=0 =0 &0
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6.4 Secular, periodic and mixed terms
«  We express the trigonometric functions as

sin (:’)";?;cz TNVt TN ’}Jlu ) = sin (’}{?;cz + 07, t) + cos (’){?;:z + 050N ’)Jlu

cos (Vi + 0Tt +1%5m) = 08 (Vi + 07 t) — sin (Vi + 070 1) 10

d ad

0

no 00

;-15 k:i: ( (1-[], Ef[j:, 'E-U__) S11 (r}‘?” + Ti? r}"'jj.f_g IL)

_ . 1) ., . .

COS (’)Eu + N t)
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6.4 Secular, periodic and mixed terms

e At 1% order in ) for the angular elements:

!
— E dn (1), L (1), L 0 . ._
Pty = -~ dant + Booolao, o, io) + Y By (ao. eo,in) cos (Vi + 17, 1)
0 — :
gkl

A ;J (ao, €o0,10) 0 B ,_
Z Z Z J ————  COS (__’}"'j;;-.x + N7kl t)

j=0k=0 1=0 HUI_F?MﬂJ

/
(’]_ L. H1) ., _ L 0 L .
B:jo% (ap, €0, %0) + E B _-}'EE;-_,I) (o, €0, 10) cos (._’}"fj];cz + 0V t)
jkl

(1) ;0
B{jﬂb(“[] €o. 1)

/(1)
: BJ_IJ ((LmEU ?n)

2

ikl T [ + 1} "}I Ll - 1J N _
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6.4 Secular, periodic and mixed terms

At 2"d order in 1 for the metric elements:

ay + A( 2 (a0, €0, 7o) | sin (Ve + 17700 t)

oo 00 0O .
+Z ZZAEL)I(G’D €0, ZD) CDS( Vi kl + 1 fjﬁ.,f t) fjﬁuf

cos (Yigr + 1751 1)
H2 . _
Z Ajgfﬁ)c”i” S111 ("}’?ukugn + 1] Afj”k”f” t)
GURI

2
Z Aj(f.fg”f”

! by
G ﬂ{]g + g J’/_j”k”i”

COS ("‘f?ﬁkugu + N A_Jr’jukufu t)




6.4 Secular, periodic and mixed terms

At 2" order in n for the angular elements:

dn ) 1d?n . ()BDID%
2 da 2

()B(l)
+Z {Z darg -2 1 JFBEL%(@U €0, 30)} COS ("‘f?ﬁcf + 1Y ki t)

dao az 0y + 5 01 0gNM + B[gogj (a0, €0,70) + Z

Do

x

_?Li’

1 . . —
- Z B}kg (a0, €0 io) Sin (Vi + 17700 t) Vjk
K
(1) )

[ [ [ )
(a0, €0, 0 _
Z Z Z 4 cos (Vi + 177 1)

(2
B Z Aj(.l"fgfffff
f .
1R ﬂ[]l + Ui fj”k”f.”

COSs (”f_?ukugu + T A_,’/_j”k”f” t)

3]




6.4 Secular, periodic and mixed terms
We finally obtain:

U” + Z B ”.F‘LHI” COSs (’-}JH'ILHEH + I?r} ?HLHEH I‘-)
HLHIH

/(2

)
BUUH(“U- €0, En)

12)
Z B:;;Er'ic_ngu

EH—_ SN (:r}"'_?”k”f” + 1 Tjukugu IL)
G nol” —+m ke

There are no mixed terms left and the behaviour of the
development over long time intervals is much better (although
It remains limited in time).
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6.4 Secular, periodic and mixed terms

There are various periodic terms that appear in the solution.

We distinguish terms corresponding to short periods
(frequency | n, with / # 0) and terms corresponding to long
periods (frequencies proportional to  with | = 0).

The long-period terms of order n" have actual amplitudes
proportional to n".
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6.5 Perturbations due to J2

3, 1
“Gin?0 - =
sin 2)

33 L, 1.
= (= sini sin? (w+ @) — E)

: . 1 3 . 3 . 9
(1 sin?i — 571 sin?i cos 2w cos 2 O+ 1 sin“ 2 sin2w sin 2 ¢

Idea: develop these functions in Fourier series
of M, expanding the coefficients into series of

powers of e.
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6.5 Perturbations due to J,
The constant terms of  [EIMEECICTAN are

1 . .
(1 — 62)3K2 (2 0p0 + € Opl)

At 39 order in e, we have that

(1—ecosE) *=1+3ecosE+6e? cos” E+ 10e” cos® B + O(e?)

53 =3

1+3e*+ (3e+ ! ; ) cos E + 3¢e? cos (2 F) + 2 ¢ cos (3 E) + O(et)

R ON

I

1‘)°(cosE—e)2—(T' | 2(1—ecosE)—5(cosE—e)?—(' |

-
2(1+5e cos E+15€2 cos? F +35¢ cos® E)(cos? E — 2e cos F + ¢?)
—1—3ecos E—6¢e? cos® E —10€* cos® E + O(et)

= 3 F 35 e
+ (g—kdj ) cos '+ (1 19 ¢? ) cos (2F) + (J;—i- J; ) cos (3 E)

2 35 ¢

cos (4 )+ 3 cos (b E) 4+ O(e*)




6.5 Perturbations due to J,
At 3" order in e, we note that

)3 S cosd = 2 (2)3 1—e2s8inE cosE —e

r l—ecosE 1—ecoskE
= 2V1—e2sinE(cosE —e)(l —ecosE)™®
sinF (2 —e*) (1 +5e cos E 4 15€% cos* E 4 35¢€> cos® E)(cos E — e) + O(e*

5 35 3
‘ ¢ sin (3 F)
2 8

(% +63) sin £+ (1 + 282) sin (2 F) + (

15 e2 35 ¢e3

+ 1 sin(4F) + sin (5 E) + O(e?)




6.5 Perturbations due to J,
We thus find that...

2
cc:-sﬁxf—i—g cos (2M) + 3% cos (3 M) + O(e?)

2

3
1- 88) sin M +§ sin (2M) + % sin (3 M) + O(c?)

3

3 9
(—e—l— f_g) cos M 4 (1 — €?) cos (2 M) + (e — %) cos (3 M) + e cos (4 M)

3
+227 s (5 M) + O(eh)
24
3

3
(—e + %) sin M + (1 — €2) sin (2 M) + (e - %) sin (3 M) + €2 sin (4 M)

3
+2;'f sin (5 M) + O(e?)

3e? 3 9e? 3
% cc:-sfvf—?e cos (2M) + (I—Te) CDS(BIVI}-I—; cos (4 M)

15 2
n ‘3'; cos (5 M) + O(e®)

3e? 3 9 2 3
% sin M — 7'3 sin (2 M) + (1 - T‘E) sin (3 M) + 76 sin (4 M)

15 2
+ "; sin (5 M) + O(e%)




6.5 Perturbations due to J,

e’)
e?)

Te 92 53¢’ _
; ) cos M + % cos (2M) + 88 cos (3 M) 4+ O(e?)

e’ 5 Te 123¢°
(2 + ) cos M + (1 %) cos(2M) + ( - 1{: ) cos (3 M)

12

17 845 e*
+ 28 cos (4 M) + 488 cos (5 M) + O(e?)

e e3 > Te 123 ¢3
( 2+24 sin M + 5 )+ 5 6 sin (3 M)

17 e? 845 e3
n ;‘ sin (4 M) + = sin (5 M) + O(e*)

2




6.5 Perturbations due to J,
We thus find for U’

1
1— e2)3/2

l—sin2i—1) l( 27 ¢”
4 2

e? , e e 5 e? ,
ﬁcos(Qw—M’) —— 4+ — | cos(Qw+ M)+ [1- 5 cos (2w + 2 M)
o2

53 e’
COSJUJr —— cos (2 M) + < cos (3 M)

16

845 ¢3

9,3
re 1236)(*08(2w+3ﬂ[)+ 2' cos (2w +4 M) + 5 cos(2w+5ﬂf)]}

16




6.5 Perturbations due to J,
«  The Lagrange equations hence lead to

JRE[/3 5 1 3 .. [—e
5 n.Jy [(_ sin® i — —) 3esin M — — sin” 1 (—p sin(2w+ M) +2sin (2w + 2 M)
a 4 2 4 2

+% sin (2w + 311))] + O(e?)

1

2 4

]

LR2[/3 5 1 3
" [(— sin” z—z) (3 sin M + 9e sin (2 I'u’))—lsmzz (E sin (2w + M)

o

—e sin (2 w+2ﬂ[)+%sm( w4+ 3M) 4+ 17e sin (2 l.quLU))]

3n.Js R? __ __ .. _, __ __ S
% sini cosile sin (2w + M) —2sin(2w+2M) —Tesin (2w + 3 M)] + O(e*)
14 | | _ _ _ | €
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3nJo R? cosi 1
_ 9NJy em“[( —|—3€COSJI—|—ECOS(ZLLJ—|—JJ)—CDS[:ZLL:—I—Z_"J:]

2 a? 1 — e?)?

7
—?E cos (2w + 3 Mr)] + O(e?)

3nJy R? 5.5\ nJyR? 1 3 .,)\ /3 69e\ 9e
az(l—ez)z 1—15111 z)—|— " {KE—ZSJH a) (Eﬂ—?)—k?coai cos M

1 3 ., 159 ¢ 3e . o o
—|—(2 45111 )(Qcos 2M)+ 5 005(3"1’{))—'_64 sin“i cos (2w — M)

3 -1 7 3 3 3
+ 1 sin?i (28 1;) —I—IE cos® ] cos(2w+ M) — 5 (1—|—§ sin? ) cos (2w + 2 M)

ERNE T 307 e 21 e 9
+ _Z sin“1i (2& T ) TCDS a} cos (2w + 3 M)

3 845
—|—1 sin? i (1? cos(2w+4M) + 128 cos (2w + EMF))} + O(e?)

N 3n Jy R? (1 3 _gi)JrnJgRg {(1 3 2,) |:(—3_|_87€) v
mn — — — &5l 1 — — — 5l 1 COs 1V
a(1—e2)3/2\2 4 a? 2 4 e 8

159 ¢

1 59
—9 cos(2M) — 5 cos (BMF)] ( 50e

— — ) cos (2w + M)

3 .o,
+ — sin“i {— cos (2w — M)+ 55 ~ 16

16

= 2
4
—7 T6le
+11 cos(2w+2;1f)—|—(28+ 6 )cos(?w—k?»ﬂf)—l? cos (2w +4M)

845 €
16

cos (2w + E_M)] } + O(e?)




6.5 Perturbations due to J,
Let us apply an asymptotic development:

f][|+J7f}1+l:JJ} H.J—I—...
'3D—|—{J": 5’1—|—{:J)} ,L'h]f—FJ": 5’1—|—{J)} ;'f":—|—...
Go + Jo I,Jt + Js 31 + {J‘):} G2 + ..

: ap = C'te f!ﬂ = ('te
Ep = C‘tt_ wn = (_Ltf:
ig = Cte My =mo+not

3ng Jy R? cosig
} ”D { 1 :I_I ]
3 T J: 2 R ( D

—, 1 — — sin® E(})
ag(1—eg)* \ 4 _.

3ngJR ("1 3 .5 )

3375 |5 — 7 Sin7io
ag (1 —eg)*/? \2 4 -
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6.5 Perturbations due to J,
Periodic terms at 15t order in J,:

ng Jo R?
ao

+ g sin? ig (e—“ sin (2w + Mo+ Jo 2w+ M)t) — 2 sin (2wg +2Mg+2.J5 (@ + M) t)

21 €n
2

“3n hLR2T/1 3 -3 —
N Jyay 4+ 2 [(— — = sin? ig) (— cos (Mo + Jo 3T t)

9 _
[(5 sin? i — 3) eg sin (Mo + o, M t)

2
sin (2wop +3 Mo+ J2 (20+ 3 M) t))]

2ap ag 2 4 €n

_ 3 1 _
—9 cos (2 Mg + 2 Jgfvft}} —|—1 sin® ig [g cos (2wo+ Mo+ J2 (204 M)t)
0

+11 cos (2wp +2Mg+2J5 (w+ M) t) — % cos (2wg +3My+ Jo (2w +3M)t)
0

17 cos (2wo + 4 Mo + 2.2 (@ + 231) )] }




6.5 Perturbations due to J,
e  Periodic terms at 1 order in J,:

Jo R? ‘ - At
o [(— |in“ig — J) eo sin (Mo + J2 M t)
ap '

;3 ¢
+ 5 sin? ig (Tﬂ sin (2wp + My + Jo (2@

J-I

+ M)t
21 €n k ]

Jt) —2sin(2wp +2My+ 2.5 (w+ M) t)

sin (2wo +3 Mo+ J2 (200

2L eg w

with

no+53 Jo
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6.5 Perturbations due to J,
e  Periodic terms at 15t order in J,:

Jo R? ‘ : Mt
10 [(; sin” ip — ‘3) eg sin (Mp + Jo M 1)
[y i L

3 .5, f y _ . —_
+ 5 sin” i (Tﬂ sin (2wp+Mp+ o204+ M)t) —2sin(2wy+2My+2J3(W+M)t)

il

sin (2wo + 3 Mo + J2 (2

M)t
Mey . ]

" sin?ip — 3) eo cos (Mg + Jo M 1)

(i—$t1{ﬁ(}m[l+-'lj-|]—|—;}-:{_u" —|— }f]—{{]._n:,(_.m1“_|_ JID"‘ }J’{LLII—I_‘I.I] ]

i

0 Hl.':f,_.n.d||—|— Mp + J,{_,._;_J—|—3 1'-1—} })]
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6.5 Perturbations due to J,

Application of the 15 order secular terms in J,: the Sun-
synchronous orbit:

2 .
PTG — 36(0°/year

243 (1 —€3)?







6.5 Perturbations due to J,

(Y

_4.
Reed

¥

N
i \
Jtﬁﬂ..h«

"y
i

B v
ol
'

X
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6.5 Perturbations due to J,

Other zonal terms: J., of order J,?

Same kind of perturbations (secular, long- and short-term
periodicities).

Sectoral and tesseral terms depend on A:

Diurnal perturbations due to the Earth’s rotation.
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Chapter VII: The N body problem

Consider a system consisting of N point-like or spherical
masses Isolated in space (without external forces).

Newton’s equations (inertial frame of reference):

VE ;f )33;{, _ E G ”i 1 ?'1'.1...5, PP 4 z": G ”E. I mE PP
a =0 PPl i1 | PP

for k=0, ...,n=N-1

These equations depend on 6 N constants of integration.

BUT: only 10 classical integrals can be formulated.

There Is thus no general analytic solution for the N body

problem. EroR | | AKIRD-TURS | | THEYCANT SauE i
THREESOME WITH A PHYSICIST, THREE-RODY PROBLEM.

WHY'S THAT

.
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7.1 Integrals of the equation of motion

Absence of external forces = conservation of the momentum:

Therefore the centre of mass moves in uniform velocity
straight line motion:

—> 6 classical integrals (components of the vectors that
describe the initial position and velocity of the centre of mass)
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7.1 Integrals of the equation of motion

Absence of external forces = conservation of the total angular
momentum of the system:

7 L G}_ —
ZZOP‘L A &PL‘P!
| PPy

k=0 i#k

G G mi my,

ZZ (OP; + PP, PP,
fo= [11?5.3.. ‘ LPP

e
—OP.IM i m;‘PP;L_G
=0 i#k ‘PRP|

(Zf (Z OPL A my, - 7 ) =

=0

10P, -
Z ()Pg A my, : b _ Cte 141

dt

k=0



7.1 Integrals of the equation of motion

One can express the conservation of the angular momentum
with respect to the centre of mass:

—> 3 classical integrals (components of the total angular
momentum)
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7.1 Integrals of the equation of motion

Absence of external forces = conservation of total energy:

dt?

. Gm;myg

— . P;
pop

d ()P;L d O?i_ G mM; My

pra PP,
S dt dt ‘Pkp_|3

B ”Z_l i: d PlfP; G m; m: PP
S50 @ RE
n—1 n
d G m; my,
r:h‘ (Z Z | P, p\ )

k=0 i1=k+1
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7.1 Integrals of the equation of motion

Absence of external forces = conservation of total energy:

—~ Gm;m
Z > =

k=0 i=k+1 ‘PLP‘

—Znu Yooy

=0 i1 PP,

dt

(ZOP;L (” L Gy G mimy,

nzl i: Gm;my, ___nzlzf"m o
I PP

k=0 i=k+1 k=0 i#k

= 1 classical integral

A total of 10 classical integrals allowing to check the stability

of a numerical solution.
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7.2 The relative motion

« ... with respect to the centre of mass (origin of an inertial
frame of reference):

«  Newton’s equation

T

3> G g
imi1 | PePil

Zn — Z G mg;m;
=0 Lvi=3+1 [(2;—2;)24+(ys —y; )2 +(2i—2;)2]1/2



7.2 The relative motion

e ... with respect to the most massive mass P, (not the origin of
an inertial frame of reference): ErizY R TN

«  Newton’s equation

T y
- Gmpm; _ -
P+ Y —=— DD

iz | PRl

Writes:

G (mo + my ) 7%

il




7.3 The 3-body problem

Consider N = 3'

—G (myg —{—ml)

—G (mo +ma) — _‘ :
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7.3 The 3-body problem

Example: the Earth’s motion around the Sun, accounting for
the presence of Jupiter:

G ( e +m & ) ‘ —
75|

"f = —G ( Me + 'mﬁ ) %1{

Jupiter
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A

7.3 The 3-body problem

The Earth’s motion around the Sun, accounting for the
presence of Jupiter; order of magnitude of the force due to
Jupiter:

Same order of magnitude for the force due the Moon on a
satellite in geostationary orbit.

= In this case, one can treat the force of the 3" body as a
perturbation.

This approximation does not hold in all situations (e.g. triple

stellar systems).
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7.3.1 The Lagrange solutions

Consider the 3-body problem with the masses m,, m, and m,
having arbitrary values.

There exists a family of 5 analytical solutions (Lagrange
solutions) where the problem can be formulated as the
combination of two equivalent 2-body problems.

The masses are located at the

an equilateral triangle (2 symmetric
configurations with respect to the
line mym,).




7.3.1 The Lagrange solutions

Masses at the summits of an equilateral triangle:

—G (mo + m2) . . + 5

3
Gmy V3

?’*3(2

—G (mo + my + ma)

—G (mo + my + ma)

Solution if [T &
at t = 0: 1dentical conical sections
rotated by 60°.




7.3.1 The Lagrange solutions
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7.3.1 The Lagrange solutions

o —————

A

-F"-"-’-
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7.3.1 The Lagrange solutions

2.

d? ri

-G (H’I[] + HH) ‘,? |3
2

— —G{??1”+1111J
i n"l
¢

—G (mo + ma)

‘c.,, ‘5 .

—I

—G (mg + '?‘1'1.1} 3 + G meo
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7.3.1 The Lagrange solutions

Masses aligned:

(s
-

EF =g

<F
=

7 3 1 — 1 ¢|3
F(&) =mo+my +mg (; + S ) - (-mn + ma + my <]

3 3 zeros for this equation
one solution for £ <0

one solution for 0 < ¢ <1
one solution for £ > 1

w o=

9

Solution if BRG] ot t = 0
homothetic conical sections.




7.3.1 The Lagrange solutions
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7.3.1 The Lagrange solutions

il P L
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7.3.2 The restricted circular 3-body problem

e  Suppose that m, < < min(m,, m,) and that m, moves on a
circular orbit around m, with — |

*  We neglect m, prym

—

—Gmy ——

—

o
71 — 73

| + G my (
< (C mo n Gy

— —my G

ro 711 — 73|

_ {i'i'"_‘:.i )
2n1 e M +ni ez A (éAT3)
ot




7.3.2 The restricted circular 3-body problem

«  \We project the equation on the axes:

- -

0° 19 0 r_] 9 . . T
2 + 2n1ex A 7 +niex Alez Ara) ; 7+ Gy (—
at= ot r

G my

G myg G my r
— —I— T — "y G — 3

| ro— 19 |

G mg Gy r
+ -y G —

79 7] — 73|
G my (1
- _I_ -

71 — 13

—mq C

2
mq “ 5
L
mg 4+ m




7.3.2 The restricted circular 3-body problem

an 5 mi 1 07 Mo 1 N
b itad LA LAV L (e,
mo + 1y Zay mo + mq M 2 ay ) as {_T_ﬂ-{] + 1mq }..-.

" -
g {11) -+ Y ""’] = 2 fj__.f

o+
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7.3.2 The restricted circular 3-body problem
Section of the Roche potential in the x y plane:
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7.3.2 The restricted circular 3-body problem
Section of the Roche potential in the x z plane:
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7.3.2 The restricted circular 3-body problem
Section of the Roche potential in the y z plane:
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7.3.2 The restricted circular 3-body problem

« Lagrangian points = relative equilibrium positions:

—__EEEL_____EEEE:E___ b
[-‘17“-1—?4 +‘“‘]J"“ [(a1—x)2+y2+ :']3”' + ?11 _‘ ’ 5]
Gmoy ' (: miy

T T 5, 9, 913/ s )]'_3.;) —}_n]_)’ =0

mo+mi

) L (e
(G mo = GGmq z -0

T2y 422P T [(a—a) 24y 422

«  All solutions of these equations yield z = 0.
«  Different possibilities depending on the value of y:

—Gmor Gmi(r—ar . m
T—U_M_{_n :Ij_—la ) :G
2|3 2 — aq |3 mo + m

< m c—1 m
CLom (o m ),

T mo+my [E3 T mo4+my |€—1)3 mo + miq



7.3.2 The restricted circular 3-body problem

§ my B
mo +my [€—1]3

+

mo + my [




2.

7.3.2 The restricted circular 3-body problem
y#0
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7.3.2 The restricted circular 3-body problem
«  Stability of the Lagrangian points: linear analysis

N - i

or Oy YT 9r o2
)2 P 0? O 9% P

—— O —— 0y 0z — 2nq 0

Ox Jy ! 0y? + 0y 0z 1ot

()3 P ()2 o ij )
—— Ox — N _ 5z
9r 0z + L y+ 022

6“’ +2nl(5y




7.3.2 The restricted circular 3-body problem
Stability of the Lagrangian points: linear analysis

- G mo B G my _ 2.
22 +y?2 0 (a1 —2)2 + Y22

0* ®
—— 01
‘._} T H y J
F;Z <I)

Stable along z. 168



7.3.2 The restricted circular 3-body problem

rL'Jc:'2 — U —v — 2 1 b
—v+2n1 « a2 —w Y

(a? =) (a® = w) — (v +2n10) (v—2n1 @) = 0
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7.3.2 The restricted circular 3-body problem
Stability of the Lagrangian points: linear analysis

(a* —u)(a®* —w)— (v+2n1a) (v—2n1a) =0

= ot +(4nf —u—w)a® + (uw —v?) =0

L,, L,, L; points:

ww—v2 < 0

= unstable equilibrium 170



7.3.2 The restricted circular 3-body problem
Stability of the Lagrangian points: linear analysis

(a* —u)(a®* —w)— (v+2n1a) (v—2n1a) =0

0§

5 o 27 my Mo
ot + -n..f a“ + — -n,i‘ —
(my1 + mo)
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7.3.2 The restricted circular 3-body problem
The L, and L; points:

27 4 my1mg

© l-}
ot + -n..f a+ —nj ———
(m1 + mo)

mimo
(m1 + mo)?

A o4 o 4
A =n7]—27Tn3

0< A< 'nf{

R RETERSE NI ¢ > (25 + V621)/2 = 24.96
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7.3.2 The restricted circular 3-body problem

e  Orbits about the L, and L. points. Let us assume that
q > (25 + V621)/2 = 24.96

and S N
<< (25.96)"1 = 0.0385

'S b i P F) L
9 o 27 M1 Mo _ o 27 4, ._
'f__lf_l —|— 'ﬂ-% o + — ﬂail —2 t'__.:tf4 —|— 'ﬁ.-% (8% + — 'ﬁ.-il £ (1 — £ ) — 0
(m1 + mo) 4

«  The solutions are long-period oscillations and oscillations with
frequency close to n,
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7.3.2 The restricted circular 3-body problem
«  The amplitudes are solution of
( a? —u —U—2n1a)(X):(0
—v+2ny « a? — w Y 0
«  We rotate our axes by —m/6:

(V32 1)2 X’
S\ =172 V3)2 Y’

(1-2¢)—2n1 V3/2 1/2 X'\ [0
o2 _ 9 ~1/2 /3/2 Yy ) Lo

2 |

33 3n?  9n?
;[Eﬂ%-i—ﬂlﬂf) X"—l—( ﬂl+ ﬂl&?—\@ﬂ,la



7.3.2 The restricted circular 3-body problem

c—+3 n1 u) Y'=0

«  This libration mode has much larger amplitude along the
tangential direction than along the radial direction.
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7.3.2 The restricted circular 3—body problem

27
or' = Y COS [(1—
Q

oy = ——2 sin [(1 —
P ,} "4

]

«  This oscillation mode corresponds to an elliptical motion.
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7.3.2 The restricted circular 3-body problem
Are there stable orbits around the libration points L,, L,, L3?

0 —2my 69 — (2X2 +n}) bz =

01 + 2nq o1 + [_'_,‘.\2 _ n‘f} Sy =
0F+ A28 =

WEMEVERCR UG 6z = Z cos(At+ ¢.)

For solutions of the kind ox=X_ exp(at) and 6y=Y exp(at), one
can find initial conditions such that the argument of the
exponential Is a pure imaginary number: a = w

ox=R[ X, exp(Jot)] and oy=xR[Y. exp(jowt)]

| —{mg +2X%2 + -n.%_] —2nwj .. Xe \
— 2n1 w j —(W? +ni—A?%) Yo )
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7.3.2 The restricted circular 3-body problem

. ; 1 1 £y r
211w j —(w* +nf — 2% Y

(. ~(@? +2X% 4 ni) —2njwj ) ( v

—(w?+n?—A);Y,

2nqw

dr = X sin(wt+ ¢o) i} " cos (wt + ¢q)
ny M/ni w/ny X/Y
(rad/day)
L1 (Sun - Earth) 0.01720 4.060 2.086 0.310
Ly (Sun - Earth) 0.01720 3941 2,057 0.314
L (Earth - Moon) 0.22997  5.147 2334 0.279
Lo (Earth - Moon)  0.22997 3,190 1.863 0.349




7.3.2 The restricted circular 3-body problem
Lissajous orbit:

dr = X sin(wt+ ¢o)

2 2 2
Sy =Y cos(wt + o) g:)l\/gp_gnl_)\ +on?

0z = Z cos(At + @)

W

i
i W
i
L
i

AXKHKARARKS




7.3.2 The restricted circular 3-body problem
Lissajous orbit:

dr = X sin(wt+ ¢o)
2 2 2

0z = Z cos(At+ @)




7.3.3 The sphere of influence

Three-body problem: the Sun (P,), planet (P,) and spaceship
(Py):
d* 73 B o (TR )

= —G (mg + mo)

Y

P Al

When can this problem be treated in the heliocentric frame of
reference?

dt?

R:

mo + 1Mo
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7.3.3 The sphere of influence
* Let ¢ be the angle between I?I52 and P_1I50

- = — |9 (1 + Cl'f'4 — 2 EI'I'E COSs Q‘)) 1/2
"”"1 —To \“

‘?3‘3 = ‘3’41\2 (:1 -+ a® — 2« cos q‘))

mi
R= -
mo + ms

R = L (1 + n — 2« cos q.*')__) (__1 + 1’_14 — 2::‘.1-5 COs @)1/2

Mo + ma a2
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7.3.3 The sphere of influence

Three-body problem: the Sun (P,), planet (P,) and spaceship
(P,):

2 (7% — i) s — 7

— ( mi + Mo )

dt? 75 — 1|3

When can this problem be treated in the planetocentric frame
of reference?

mo IEE

R =

mi + mo
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7.3.3 The sphere of influence
Let ¢ be the angle between I?I52 and P_1I50

¥

5 (1 + 3 cos? b+ O (u) ")1/ 2

|

mo GG

1 o

— <
mi + ms

- .
mo . - mo o
R ~ 1+3cos? o>

my +mso my -+ ms

my :
Y o 3 <
mi -+ mso 187




7.3.3 The sphere of influence
The two guantities are of the same order when

planetocentric heliocentric




7.3.3 The sphere of influence

Planet my/mg Qg R ap (AU)  ag aq (10° km)
Mercury 1.6610~7 0.0019 [0.044] 0.387 0.112
Venus 2.45107% 0.0057 10.075| 0.723 0.616
Earth 3.00107°% 0.0062 10.079 1.00 0.925
Mars 3.231077  0.0025 [0.050 1.52 0.577
Jupiter 9.55107% 0.0620 [0.249 .20 48.2

Saturn 2.86107% 0.0382 [0.196 9.54 54.6
Uranus 4.3710™° 0.0180 10.134 19.2 51.8
Neptune 5.1810=° 0.0193 |0.138]  30.1 86.8
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7.3.3 The sphere of influence

»  The more accurate solution includes a factor [(RERENEARE

N 2/5
_. _ 9 M
ag = (1+3 cos> Q) 1/10 (—)
" " My




7.3.4 The Tisserand invariant

Circular restricted 3-body problem with m, >> m; >>m,

Position vector of m, in reference frame centred on center of
mq

———— a1 €
mo + mq

Gmg Gmy
_.I_

——\H‘ 24+0-h
£0 P1

O-h—=¢
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7.3.4 The Tisserand invariant

N NI ORI ENS O ./ — & ~ Cte

E.g. Tisserand invariant for elliptical orbits in the Sun-Jupiter

" asteroids
“Trojans
B comels

" Centaurs .

-~
o ] .'f"f!i':.. ll _

]
o [ |
i m]

Jupiter Tisserand invariant

-—
4
©

e
iy
©
=
a

—

o)
c
©
Sy
Q
[}
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7.4 The motions In a planetary system

« The more massive body (the Sun) Is much more massive than
all the planets (my >> m,)

 Eccentricities and inclinations are small, avoiding planets to
come too close to each-other.

 Newton’s equation:

/A The potentials are different for the different planets.
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7.4 The motions In a planetary system

» \We consider the problem of two planets (1 and 2):

( 7% + ’% — 27179 COSY) —1/z
1 1
— (1 —=2pcosy+p°) 7/~

.'r? :—3

1 e

= n=0




7.4 The motions In a planetary system

« Developing to 2" order in a:

Planet a , i w Lo n
(AU) (%) (°) (°)  (arcsec day™!)
Mercury  0.3871  0.2056 48.33  T77.46  252.25 14732.42
Venus 0.7233 | 0.0068 76.68 131.56 181.98 5767.67
Earth 1.0000 | 0.0167 — 102.94  100.47 3548.19
Mars 1.5237 [ 0.0934 4956 336.06 35543 1886.52
Jupiter 5.2028 | 0.0485 10046  14.33  34.35 209,128
Saturn 0.5388 | 0.0555 113.66 93.06  50.08 120.455
Uranus 19.182 | 0.0463 74.01  173.00 314.05 42.231
Neptune 30.058 [ 0.0090 131.78 48.12  304.39 21.534
Pluto 39.44  (.2485 110.7 2246  237.7 14.3

The majority of planets have roughly circular orbits with
low Inclinations with respect to the ecliptic.




7.4 The motions In a planetary system

* Problem of the definition of the longitude of the line of nodes
and on the longitude of pericentre...

« \We introduce more regular elements (for small e and 1):

z=eexp(jw) z

X =eexp(jM)=eexplj(L —w)

s

¢ = sin (i/2) exp (j Q)

4

Y =sin(i/2) exp [j (L — Q)]

s
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7.4 The motions In a planetary system

« \We express the potential as a function of the elements of the
osculating orbit (here we restrict ourselves to e?):

' E_\53 ?5 cos [V e” — : COs 9\6\81‘? cos (o [V
L+ (e = o+ ) cos M+ (2 %) (2 M) + — ) cos (3M)

et 5 e’ 6
+% cos (4 M) + 3 cos (b M)+ O(e”)

2 ge;
1+ < —(e— _
+5 (e N ‘
A 125 e”
—% cos (4 M) — % cos (5 M)+ O(e%)

S (X +X7) + 0
1 (X7 - 2X X + X))+ 0(e?)

“(9X2-8XX — X))+ 03




7.4 The motions In a planetary system

« \We express the potential as a function of the elements of the
osculating orbit (here we restrict ourselves to order d In e):

| — 1 5 —o N
45 (X +X) 4 5 (X2 +X7) + 0

1 — 1 _. SE— . a.
=5 (X +X) = 7 (XF=2X X +X7) + O(e")

b=expj(@—M)] = 1+(X -X)+ _(0X*-8XX -X) + O(c")

r\" _ . =P mm . __
(—) exp[jm(¢p—M)]= > X'X"CM+0(e)

(

O<p+p'<d
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7.4 The motions In a planetary system

» The development of the potential contains terms of the kind

o n
. "
) ( r2

= it v Z Cf-n._,[] O 1.0 Xv 1 X, ~ P 1{ __]i-*qp 5

pL.p]  p2.ph

0<p1+p]+p2t+ph<d
n.0 —n—1,0 (p1+py) (p2+p5) _
0<p1+p)| +p2+p5H<d }

exp{j[(p1 —p}) (L1 — @1) + (p2 — p3) (L2 — w2)]}

S X = e exp (j M) =e exp[j (L — )]
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7.4 The motions In a planetary system

« We still need to express [HRaeRIFREr

—

] = (cos 1y cosy — siny sin €y cosiy,cosPy sinf)y; + sinyy cos 2y cosiy,sinyy siniq)

9 ?1 2 19

cosy =R {1‘. 08~ 5 cos” = exp[j (l1 — l2)] + sin? T)I sin® By exp[j(li —l2 —2€1 +2Q2)]

9 12 .

9 19 .9 .
Sin” = exp [7 (1

—i—'-:lll a—lt{ﬂ Pxp[ ”1 + 1 — 2 Ql ] + cos®
1
+ 5 sinéy sinig (exp[j (I1 —loa — 1 + Q)] —exp[j (L + 12 —

£

211
2




7.4 The motions In a planetary system

We introduce the resulting expressions of the potential in the
Lagrange equations.

We obtain a system of differential equations for the orbital
elements.

These equations contain terms  [SedFR(ZSERECERIELI]
The integration of these terms can lead to resonances

219 — 5 ng = —4.02”7 day—

Planet n
(arcsec day 1)

Jupiter 209.128
Saturn 120.455
Uranus 42,231
Neptune 21.534
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7.5 The Laplace resonance

» Resonance between the orbital periods of 3 or more bodies
(simple integer number ratio).

« Most spectacular example: the Galilean moons lo, Europa and
Ganymede: ratios 1:2:4.
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7.5 The Laplace resonance

» Resonance between the orbital periods of 3 or more bodies
(simple integer number ratio).

« Most spectacular example: the Galilean moons lo, Europa and
Ganymede: ratios 1:2:4.
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7.5 The Laplace resonance

» Resonance between the orbital periods of 3 or more bodies
(simple integer number ratio).

« Most spectacular example: the Galilean moons lo, Europa and
Ganymede: ratios 1:2:4.
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7.5 The Laplace resonance

The orbital periods are not exactly
In the 1:2:4 ratios.

2 NEuropa — Nlo = —0.74° day !

The lo — Europa conjunction is
tied to the perijove of lo and the
apojove of Europa.

wWio = (2 NEuropa — Mlo Yt — 64

WEuropa — (2 NEuropa — nie) t — B2

0, et 0, oscillate around 0° and
180°.

The Europa-Ganymede conjunction is tied to the perijove

Moon a (km) P (days)
lo 421 700 1.769
Europa 671 034 3.551
Ganymede 1070412 7.154
Callisto 1882709 | 16.689

Of Europa. WHuropa — (2 NGanymede — '”-Eurapa.} t — b3

0, oscillates around 0°.
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7.5 The Laplace resonance

 In practice, the Laplace resonance implies a simple
commensurability between the rates of motion of the lo -

Europa and Europa - Ganymede conjunctions: [EEaEegmsmss
« The Laplace resonance prevents triple conjunctions of the
three moons.

Jupiter Moons Orbit Graph for October 2818
1: Io 2: Europa 3: Ganymede 4: Callisto

9 11 13 15 17 19 21 23 25 27 29 34
207
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[llustration




7.5 The Laplace resonance

Exo-planet | P (days) Pg/P P.../P,
B 1.511 1

C 2.421 5/8 5/8
D 4.050 3/8 5/3
= 6.100 1/4 3/2
= 9.206 1/6 3/2
G 12.353 4/3
H 18.766 3/2

In such a tight planetary system, this resonance Is essential

for stability.
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7.6 Perihelion precession in the Solar System

To study long-term trends, we can approximate each planet of
the Solar System as a ring of mass m, and radius a,

The potential is:

For &> a,

For a; < g,

Hence:

Gmy, (ap\" N Z Gmy, (7 \"
. T T 211

j<k

.




7.6 Perihelion precession in the Solar System

In a nearly circular orbit, the deviations from a perfect circle
are solution of the equation o [_3 fla)

(L

This leads to oscillations with a period 3
[_3f(a-) _

: —-1/2 ~c n ,
< =0 @; :ifﬁ k

dr a; f(n-_} k<j i<k

O Tt
r _. ._ mp [ ap mr (d
U S st 1) w) ey (L)
5 M, \a — M, \ay
o __':.' {k W .

n=>0 k<j
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7.6 Perihelion precession in the Solar System
«  Precession of perihelion :

o0

C . n . . n+1
NS 1 | ST My (a;
9 , =T n [.,_”- _’_ 1) [Z ﬂ[ o (”’j ) + Z j"[ ~ ( (1 k ) ]

- n=0 k<j j<k

H
o

[ T [ T [ | T T

Pt
[
fin]
0]
o
Q
n
@]
.
o

S

-+

e
3

el

[ 3

n
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Chapter VIII: The rotation of rigid celestial bodies

Most objects in the Universe rotate.

Here, we consider rigid body rotation (telluric planets, moons,
asteroids,...): @ IS a constant vector.

Let CM be the centre of mass, the angular momentum can be
written:

/ (7 A7) p(F) dV

/ FA (Foar +3 AR p(F) dV

73

. 3 n , ‘2 P4
Lii = ) 52ij=1 J x5 pdV
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8.1 Fundamental concepts

In the principal axes of inertia, the inertia tensor is a diagonal
matrix:

Variation of the angular momentum:

d E cCM %) E CM
dt 1 ot

[ AT o av + / (7F NF) p(F) dV

/ (F A F)dv = M

+ O AN Loy
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8.1 Fundamental concepts

Kinetic energy:

‘ f e p(r) dV

1
- ) — — J 4
M 1 + 5% Tw =Top + 1ot
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8.1 Fundamental concepts

Euler angles: (x,y, z) absolute frame
of reference, (x’,y’,z’) principal axes z>.
of inertia (rotating frame)

. Y= q o= o

— o= . - . e . - =
e. =coste. +sinb siny e, + sinfd cosw ey,

—_ i — ,F ® i — f
n=coste, —sinye,

—_—
L =

¢ sinf sin v + 6 cos

¢ sinf cos ) — 0 sin

q‘) cos 6 + rr
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8.1 Fundamental concepts

For a freely rotating body (without external forces acting on
It),
oT
oT

aT
. (f w3
oY

= (Aw; sintY + Bwsy cost) sinf + Cws cosf

= Awi cost — Bwsy sin

These expressions are very complex and we will rather use the
Andoyer elements than the Euler angles.

pARS



8.2 The Andoyer elements

Set of canonical elements: angles |, g, h and conjugated
momenta: L, G, H

plage perpendicular
to L M

N

12

inertial x,y plane

equatorial plane

—

Loy = (G sinJ sinl, G sinJ cosl, G cos.J)




8.2 The Andoyer elements
« Expression of the angular velocity vector:

G=T Loy = (A PG sinJ sinl, B G sinJ cosl,C~ G cos.J)

 Expression of the rotational kinetic energy:

1 = | o , 5 -~ 5
1T = Eu_ﬁ Loy = = (_Gz — Lz__) (__r"l_l sin“l+ B L cos? I) + -

LE

« Hamilton’s canonical equations:




8.2 The Andoyer elements

Modified Andoyer elements: if K or J are close to zero:
p=Il+g+h,g=g+h,s=-h,P=LQ=G-L,S=G-H

plage perpendicular
toL my

s

9

inertial X,y plane

equatorial plane




8.3 Perturbations due to an orbiting mass

Consider a point-like mass m, on circular orbit about the body of
mass M whose rotation we are studying.

i-’
FEr =]

1 r
— — D oy _|_
# 1 = |'.r"|lF t_l {_} E 'r |?"' Ir.z
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8.3 Perturbations due to an orbiting mass

U, =-GMm/’, U; = 0 and

4 5 . 5
Us=—-an"C—-2an”C

3

cos (h —A) cos (I 4 g) —sin (h — A) sin (I + g) cos K

—cos(h—A)sin(l+g) —sin(h — A) cos(l+ ¢g) cos K
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8.3 Perturbations due to an orbiting mass

. The Hamiltonian becomes:

9

=

2C
—B3n*Clcos(2A—=2h+2g+21) (1 —cos K)?

+cos(2A—2h—2g—210) (1 +cos K)* +2 cos (29 +21) (1 — cos* K)]

+nA+an?Csin® K1 —cos(2\—2h)]

2

2C
—Bn*Ccos (2A +2p+4s) (1 — cos K)?

+cos(2A—2p) (1 +cos K)2 +2cos(2p+2s) (1 — cos® K)]

+nA+an?C sin? K [1 —cos(2\+25)]
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8.3 Perturbations due to an orbiting mass
2
+nA+an?C sin? K [1 —cos(2\+25)]

2C
—Bn*Cleos(2A+2p+4s) (1 — cos K)°

+cos(2A—2p) (1 +cos K)2 +2cos(2p+2s) (1 — cos® K)]

OH -1 OH
95 P OcosK

5 C ] __ . -, C _ _ o -
2an” - cos K[1—cos(2A+2s)] —23n° P [cos (2A+2p+4s)(1—cosK)

—cos(2A—2p)(1+cosK)+2cos(2p+2s) cos K|

1

Averaging over long timescales, we find:
(1"

< s >=2« ?‘12 ﬁ cos Iy

The combined effect of the Sun and the Moon upon the Earth
yields a precession period of 25645 years. 225






8.4 The Cassinli states

Suppose that the orbital plane of the perturbing mass
undergoes a slow precession at a rate 2 with respect to the

227




8.4 The Cassinli states

«  The kinetic energy now writes:

5 ITo+Q ITS—T+U
T—Q-Ley+U

5C nA+ P (Sil] i 8in K coss — cosi cos I{)

+an?C qin? K[1—cos(2A+23s)]— Bn?Cleos(2A+2p+4s) (1 —cos K)?
+cos (2 A ][l—I—tnSﬁ] +2cos(2p+2s }l:l—tn Ii}]
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8.4 The Cassinli states

2

-

+nA+ PQ(sini sin K coss — cosi cos K)

2¢"
+an® 20 sin? K [1 — cos [H A+2s8)] -5 n?C [cos [ A+2p+4 5] (1 — €08 Ii':]:"
+cos(2A —2p)(1+cos K ] +2cos(2p+2s)(1— cos? K]

Averaged over longer timescales and accounting for the
rotation/revolution resonance, the Hamiltonian becomes:

nN —nP+ PO (sini sin K coss — cosi cos K )

J—I

—|—r1n C sin? K —rﬁn C cos (20 }[1—|—m~_-,ﬁ}

1l—cos K OH
P dcos K

o " + Q[sini 8in K coss — cosi cos K] +

-1 OH
P dcosK
—28n*C (14 cos K)? sin (20)

QP sini sin A sin s
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8.4 The Cassinli states

+Q[sini sin K _ K+ 1l—cos K OH
— — N SN SN A COSS — COST COS A E——
) P dcos K

-1 OH
P deos K
—283n?C (1 +cos K)* sin (20)

QP sini sin A sin s

OH
dcos I
P nC+QC cos (K —i)

OH  —PQ
deos K sinK
aH _

dcos K

sini cos K coss +cosi sin K] —2n°C'[a cos K + 3 (1 + cos K) cos (20)]

PQ

ain i

[sin (i — K)] =2 n® C [ cos K + 3 (1 4 cos K]
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8.4 The Cassinli states

P
sin K

[sin (i — K)] =2n? Cla cos K + 3 (1 4 cos K)]

For the Moon, k = 0 et £’ = I: synchronous rotation and line of
nodes aligned with the intersection between the lunar equator
and the ecliptic:

Lunar equatorial plane
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8.5 Tides
Tides arise from spatial gradients in the gravitational potential.

The tides produced by the Moon (and to a lesser extent by the
Sun) have a spectacular effect on the level of the ocean’s 1n
some places such as Mont Saint-Michel:

_
. D — -

F 1;:.0-{ ....

& Office de tourisme le Mont Saint-Michel www.ot-montsaintmichel.com € Office de tourisme le Mont Samnt-Michel www.ot-montsaintmichel.com

Tides are not restricted to the Earth-Moon system, but exist in

many places in the Universe (stars, exoplanets, black-holes,...)
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8.5 Tides
Here we use a very simplified approach. Consider first that m

PACK



8.5 Tides

P=pen =pV(') =pV(r cosb)

~ Pi(cosf) + —5 Py(cosf)
' (L '

(L a

Gm' Gm' r r'2
14+ —

+ Ps(cos 9))

a?

. R
For the Earth, the Moon produces € = -4.8 108,
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8.5 Tides

The amplitude of the tides depends on the lunar phase (neap
tides and spring tides):

Spring Tide

Neap Tide

The most accurate method of tidal prediction (near coasts, at
least) Is to carefully measure tides over an extended period, e
and use harmonic analysis.



8.5 Tides

The tidal bulge leads to an exchange of angular momentum
between the Moon’s orbital motion and the Earth’s rotation.

This 1s because, if we account for the Earth’s rotation, the tidal
bulge lacks behind the Moon’s position by some small angle o:

_Gm (1_ EI}_) P>(cos [‘9—(-5)})

5 a?

a
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8.5 Tides
The torque produced on the Moon Is given by

= . 1 oU" .
—m'an V( U’ ) = —m’ a (AN €g
-' " L f_} ﬁ 6—0

,6e€ R?

—Gmm — — cosd sin o e,
5 a3

, 6e€ R2

—Gmm’ =3 O el

This leads to a slow increase of the Moon’s distance.

Because the total angular momentum of the Earth-Moon
system remains constant, an identical, but opposite torque acts
upon the Earth, slowing down its rotation:
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8.6 Spin-orbit coupling
Consider an aspherical body of mass m, orbiting a spherical
body of mass m, with m; << m,,.

In the principal axes of inertia, the potential outside the
aspherical mass becomes

GA+B+C)  3G(Az+ By’ +C2)

273 275
The force and torque exerted by m, upon m, are:
ﬁ = —my f' U
Since we consider an isolated system, the torque exerted by m,

upon m, is
il = (0,0,0) = o€l

, we obtain from Euler’s equations:

Co=-M,

- =4
Tl )
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8.6 Spin-orbit coupling
Let us call  the true anomaly of m, on its orbit about mj:

3
_ 3Gmy B—-A [T sin (2€) cos (2¢) — — cos (2€) sin (2 CJ)]

2 a3 C

8 An? L: sin (2€) cos(20) — —3 cos (2€) sin (2 cp)]

With EEeEEe sy, From Chapter 6, we know:

_g cos M + cos (2 M) + % cos (3 M) + O(e?)

—g sin M + sin (2 M) + % sin (3 M) + O(E )

This leads to:

o =83n? [_78 sin(nt—2¢) +sin(2nt —2¢) + % sin (3nt —2¢)




8.6 Spin-orbit coupling

¢ =83n” - sin(nt—2¢) +sin(2nt -20¢) + % sin(3nt—20)

«  This equation is highly non-linear. We can use a representation
of the conditions at pericentre, i.e. when M =nt =k 2.

« Letusdefine IR ERLA] Where g=k./K, Is either 0.5, 1.0 or
1.5.

n = =803 n? { [_—f cos[(2g—1)nt|+cos|[(2qg —2)nt]+ ; cos[(2¢g—3)n t]] sin (27)

— [_—_}E sin[(2g—1)nt]+sin[(2qg—2)nt| + % sin[(2g—3)n 1‘]] cos (2 -r;:]}

« If we average over k, orbital cycles, we obtain:
¢g=05 = ij=43en?sin(27)
g=10 = 71=-80 n? sin (2n)

g=15 = 17 =-=-280¢ n? sin (2n)
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8.6 Spin-orbit coupling
We thus obtain:

[-n_l:;;) — 0. )')2 +4Fecos(20—nt)=FE

['rz c:)—l] — 8B cos(20—2nt)=FE
@—l.&") 288ecos(2¢p —3nt)=F
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